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(57) ABSTRACT 

Method and apparatus for providing film stress measure­
ments. The invention provides a method for calculating film 
stress based on an inverse finite element analysis of a 
displaced substrate such as a semiconductor wafer. The 
surface displacement of the substrate is measured, and 
structural compliance based on an inverse finite element 
model of the substrate is determined. A stress field is 
ultimately calculated based on the structural compliance and 
a stress-load. The stress measurement is output based on 
values in the stress field. The invention can be implemented 
in software running on a computer system interfaced to a 
measurement system such as a stress and flatness gauge. 
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METHOD AND APPARATUS FOR 
PROVIDING FILM STRESS 

MEASUREMENTS BASED ON SUBSTRATE 
DISPLACEMENT 

2 
of the wafer. The apparatus shown in FIG. 1 is typically 
embodied in a "stress and flatness gauge" such as the model 
FSM 128 Stress and Flatness Gauge manufactured by Fron­
tier Semiconductor Measurements, Inc., of San Jose, Calif. 

CROSS-REFERENCE TO RELATED 
APPLICATION 

5 Such an instrument is typically connected to a computer 
system, which determines the stress and displays a graphical 
stress map or other type of graphical display illustrating 
stresses across the film. 

This application claims priority from provisional patent 
application Ser. number 60/218,952, filed Jul. 17, 2000 by 
the inventor hereof, the entire disclosure of which is incor­
porated herein by reference. 

The stress on a film stretched across a wafer is currently 

10 computed in the above-described and similar arrangements 
by the following equation, commonly known in the industry 
as "Stoney's equation": 

FEDERALLY SPONSORED RESEARCH 

This invention was made with Government support under 15 

a grant identified by Agency Number DAAD-17-99-C-0085, 
awarded by the U.S. Department of Defense. The Govern­
ment has certain rights in this invention. 

BACKGROUND 20 

The manufacturing of semiconductor devices typically 
begins with a wafer of single crystal silicon and consists of 
three basic processes: doping, depositing or growing of thin 
films, and film patterning. The thin films are typically less 
than one micrometer thick. The thin films may be deposited 25 

on the surface of the wafer by sputtering or evaporation, or 
they may be grown by placing the wafer in a reactive 
environment. These thin films may be conductive materials, 
such as aluminum, tungsten, or polysilicon, or insulating 
materials, such as silicon nitride or silicon dioxide. The 30 

conductive films form device gates or interconnects, and the 
insulating films provide electrical isolation. 

The thin films applied in the course of semiconductor 
manufacturing nearly always exhibit some intrinsic stress. 35 
This stress may be attributed to the mismatch of the thermal 
expansion coefficients of the crystal lattices of the film and 
substrate wafer, as well as other mechanisms. If these 
stresses are not controlled, they can lead to failure of 
electronic devices by a variety of mechanisms, including 40 
film cracking, delamination, and void formation. To some 
extent, film stress may be controlled during deposition or 
growth by process variation or afterward by annealing. But 

where: af=film stress 
tf=film thickness 
t

5
=substrate thickness 

v=Poisson's ratio of substrate 
E=elastic modulus of substrate 
w=out-of-plane displacement. 

Although using this equation to compute film stress provides 
useful, qualitative information about the stress, the quanti­
tative accuracy of film stresses determined with Stoney's 
equation is severely limited. Stoney's equation was derived 
using the assumption that the film stress is constant across 
the wafer. This assumption is often invalid as film stress 
usually varies across the wafer. A new technique for deter­
mining film stress from out-of-plane distortion of a substrate 
is needed to take varying film stress into account, and thus 
improve the accuracy of film stress measurements. 

SUMMARY 

The present invention provides a method for calculating 
film stress based on an inverse finite element analysis of the 
displaced substrate wafer. The method of the invention 
produces accurate results regardless of whether film stress is 
constant across the wafer. The method can be employed with 
any system that measures substrate curvature and is not 
limited to the laser scanning system previously described. 

In one embodiment, a stress measurement for a film 
applied to a substrate having known dimensions and known in order to accurately control film stress, the stress must be 

accurately measured. 45 structural properties is made by first measuring the surface 
displacement of the wafer, and then determining structural 
compliance based on an inverse finite element model of the 
substrate, and structural stress-load using the known dimen-

Over the years, a wide variety of methods for measuring 
stress in thin films has emerged. These methods include 
X-ray diffraction of the film, micro-Raman spectroscopy of 
the film, use of micro-mechanical structures printed into the 
film, membrane resonant frequency measurement, and pres- 50 

sure bulge inducement. A very common technique for deter­
mining thin film stress in the semiconductor industry is the 
wafer curvature technique. 

sions and known structural properties of the substrate. A 
stress field is calculated using the structural compliance, the 
structural stress-load, and the surface displacement of the 
substrate. The stress measurement is output based on values 
in the stress field. The structural compliance can be deter­
mined by calculating a stiffness, inverting the stiffness 

55 matrix, and removing columns corresponding to unloaded 
degrees of freedom and rows corresponding to unprescribed 
displacements. The structural stress-load can be determined 
by calculating element-by-element stress-loads as matrixes 

In order to determine film stress from wafer curvature, the 
out-of-plane distortion of the wafer must be measured. This 
measurement may be accomplished by several methods, 
including X-ray diffraction of the wafer (rather than the 
film), micro-Raman spectroscopy applied to the wafer, 
interferometry, capacitance gauging, profilometry, and laser 
scanning. As an example, a typical laser scanning technique 60 

is illustrated in FIG. 1. A diode laser, 101, generates a laser 
beam that is passed through lens 102, and scans across the 
wafer with the film, 103. The beam reflects off the wafer and 
is reflected by mirror 104 to a photodetector 105. The angle 
at which the beam is reflected is sensed and recorded. The 
angle is related to the rotation of the wafer's surface. The 
measurement is typically repeated across several diameters 

and expanding them. 
In other embodiments, iteration is added to the method to 

further improve accuracy in some situations. Iteration can be 
added to the method by calculating surface loads based on 
the structural compliance, iteratively correcting the surface 
loads to arrive at final surface loads, and using the surface 

65 loads to calculate the stress field. In this case, the final 
surface load is eventually determined by determining a 
residual surface load at each iteration. 
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matrixes and a stress field matrix; however, the adjectives 
from these and similar phrases are also used independently 
from the term "matrix." Such terms as "stress field" and 
"stress-load" or "structural compliance" used by themselves 

Iteration can also be added to the method of the invention 
by iteratively correcting coefficients in the stress field. In this 
embodiment, an initial stress field is calculated as described 
above, and the stress field coefficients are iteratively cor­
rected until a final stress field is determined. 

In example embodiments of the invention, computer 
software is used to implement many aspects of the invention. 
The software can be stored on a medium. The medium can 

5 may refer to a matrix, but are also intended to recognize the 
fact that some numerical representations other than a matrix 
per se may be possible for at least some of these values or 
groups of values. 

be magnetic, such as a diskette, tape, or fixed disk, or optical, 
such as a CD-ROM or DVD-ROM. The software can also be 10 

Finally, various adjectives may be used to modify terms 
referring to specific types of matrixes or quantities, for 
example "stress-load matrix" and "structural stress-load 
matrix" refer to the same type of matrix or value, but may 
be used to distinguish a matrix or value at different points in 
a calculation process, or to refer to a matrix or value 

stored in a semiconductor device. Additionally, the software 
can be supplied via the Internet or some other type of 
network. A workstation or computer system that typically 
runs the software. In one embodiment, this computer 
system, also called a "program execution system" is inter­
faced to a measurement system such as the Stress and 
Flatness Gauge previously described. The software in com­
bination with the computer system and measurement system 
forms the means to execute the method of the invention. 

15 describing the entire substrate as opposed to one describing 
only a portion of a substrate. The same applies when the 
terms "final" and/or "initial" are used, as well as whether or 
not the term "matrix" is used. 

BRIEF DESCRIPTION OF THE DRAWINGS 

As previously mentioned, the invention uses an inverse 
20 finite element model to calculate film stress. In order to 

understand the inverse finite element model used in the 

FIG. 1 illustrates a known stress and flatness gauge that 
can be used to make wafer displacement measurements. 

FIG. 2 is a flowchart that illustrates how the structural 25 
compliance is calculated according to one embodiment of 
the invention. 

FIG. 3 is a flowchart that illustrates how the stress-load is 
calculated according to one embodiment of the invention. 

FIG. 4 is a flowchart that illustrates some embodiments of 30 

the invention. 

FIG. 5 is another flowchart that illustrates another 
embodiment of the invention. 

FIG. 6 is a block diagram of an example hardware system 
35 

or apparatus that is used to implement the invention, namely, 
a stress and flatness gauge connected to a computer system. 

example embodiments of the invention, it is necessary to 
understand the "forward" finite element model on which the 
inverse model is based. It is also desirable to use an accurate 
forward finite element model to implement the invention, 
since any inaccuracies in the forward model will be reflected 
in the inverse model. 

Displacement-based finite element models solve an equa­
tion like that shown below, for { x}, a given structural 
loading, {F} and the structural stiffness matrix [K]. The 
structural stiffness matrix is assembled by adding individual 
element stiffness matrices. 

[K]{xHF} 

In order to model a wafer substrate and thin film, two 
element types are required; three-dimensional solid ele­
ments for the wafer and two-dimensional plane elements for 
the film. For both plane and solid elements, isoparametric 

DETAILED DESCRIPTION OF ONE OR MORE 
EMBODIMENTS 

The invention will now be described in terms of specific 
embodiments. This embodiments are in general shown as 
examples only. For example, the invention is described in 
terms of using a laser scanning stress and flatness gauge to 
make wafer displacement measurements; however, any 
measurement system that measures displacement can be 
used with the invention. It is also assumed that the mea­
surement system and a program execution system operable 

40 linear and quadratic Lagrange elements have been devised 
and tested. The quadratic Lagrange elements have been 
found to work well. The procedure for element construction 
described herein will be limited to quadratic plane elements. 
This procedure is readily extended to the three-dimensional 

45 quadratic solid elements, or linear elements. 
In general, plane quadratic Lagrange elements have 9 

nodes and, in global (x, y) coordinates, curved sides. In order 
to facilitate numerical integration, these elements are rein­
terpreted in computational (s, ri) space square elements. to control the measurement system are separate units con­

nected together. However, these two systems can be 
enclosed in one unit, with the program execution system and 
possibly a display to show stress maps integrated together 
with the measurement system. 

50 Translation between (x, y) and (s, ri) space is achieved by 
the first of the following equations, where { X;, yJ are nodal 
locations in (x, y) space, and N; are the second order 
Lagrange interpolation shape functions given in the next two 
equations evaluated at nodal locations in (s, ri) space. Similarly, some terminology is used primarily for illus­

trative purposes, and may not be important to the workings 55 

of the invention. For example, the words substrate and wafer 
are used interchangeably herein. The technique may work 
with substrates other than semiconductor wafers per se. The 
specific application example used to illustrate the invention, 
that of films applied to semiconductor wafers, results in the 60 

use of the term wafer at some points, but this is not intended 
to limit the application of the invention to semiconductor 
wafers. Although films in semiconductor applications are 
generally thin as previously mentioned, the application of 
the invention is not intended to be limited to films of any 65 

specific thickness. Also, the detailed embodiments are 
mostly described in terms of matrixes, such as stress-load 

{ X} = [ Xj X2 X3 . . . X9 ij ~: l 
Y Y1 Y2 Y2 · · · Y9 : 

N9 

N(x) = _(x_1 _-_x_)(_x2_-_x)_(x_,_-_x) 

(x1 - x3)(x2 - x3) 



US 6,826,491 B2 
5 

Displacement-based finite elements are used to calculate 
nodal displacements from nodal loads by: 

where [ke] is the element stiffness matrix and {fe} are the 
element nodal loads. For these elements, the element stiff­
ness matrix is calculated by 3x3 Gauss quadrature numerical 
integration of the following equation, where [J] is the 
Jacobian transformation between (x, y) and (s, ri) space 
given by the next three equations, t1 is the film thickness and 
[E] is the film (plane stress) constitutive matrix. The sub­
scripts following commas in the last equation denote partial 
derivatives. 

J=det[J] 

Xj YI 

X2 
[J] = [DN] 

Y2 

X9 Y9 

[N1, N2., 
N9"' l [DN] = . 

Ni.a N2.a N9.a 

The matrix [be] is the strain-displacement matrix given by 
the following two equations, which interpolates the strain 
field, {Ex, Ey, Yx), from the nodal displacements {u;, v;} (as 
shown in the third equation, below. 

N1.c 0 N2.c 0 0 

rr11 
r12 0 

r~2 j 0 0 0 
b, = 0 0 r21 

Ni.a N2.a 

0 N1.c 0 N2., N9_, 
r21 r22 ru r12 

0 Ni.a 0 N2.a N9.a 

[rJ = [Jr1 

Uj 

VJ 

i::)=[b,] 

U2 

V2 

?'xy 

U9 

V9 

It should be noted that the 3x3 or 3x3x3 Gauss quadrature 
numerical integration is used herein as an example only. Any 
integration scheme of equal or higher accuracy can be 
employed. 

Single crystal silicon (SCS) is the most common substrate 
material for semiconductor devices. Silicon crystals have the 
form of a cubic "diamond" lattice as. Miller indices are used 

6 
treated as isotropic. Under many circumstances this approxi­
mation is reasonable; however, in some situations the mate­
rial anisotropy plays a major role in mechanical response. In 
current instruments based on Stoney's equation, the ortho-

5 tropic material properties of SCS are not considered. Rather, 
approximate isotropic material properties are used. The 
orthotropic properties of SCS can be readily incorporated 
into a finite element solid model and, therefore, into an 
inverse finite element model stress measurement method as 

10 well. 

15 

20 

The elastic properties of any diamond lattice crystalline 
material can be fully described by three independent coef­
ficients: s11 , s12, and s44 arranged in the compliance matrix 
s shown in the equation below. 

S11 S12 S12 0 0 0 

S12 S11 S12 0 0 0 

S12 S12 S11 0 0 0 
s= 

0 0 0 S44 0 0 

0 0 0 0 S44 0 

0 0 0 0 0 S44 

The values of the compliance matrix for SCS are given in the 
25 following table, in units of 10-12 cm2/dyn. 

30 

s11 s12 s44 

0.768 -0.214 1.26 

An isotropic material has only two independent elastic 
material properites. These are usually given as the elastic 

35 modulus (E) and Poisson's ratio (v). With three independent 
elastic material properties, the elastic modulus and Poisson's 
ratio of SCS depend on direction. This directional depen­
dence is given by the following two equations, where 11 , 12 

and 13 are the components of a unit direction vector and m1 , 

40 m2 , and m3 are components of a unit vector perpendicular to 
I. 

45 

l/E=s11-2(s11-s,2-1/2s44)(l, 2z2 2+z2 2z3 2+z, 2z3 2) 

s12 + (s11 - s12 - 1 /2s44)(/fmf + l~m~ + tfmf) 

v = - s11 - 2(s11 - s12 -1 /2s44J(lfl~ + l~lf + lflf) 

Most SCS wafers used in semiconductor manufacturing 
or advanced lithographic masks are cut to form a (100) 

50 plane. However, for some devices a (110) wafer may be 
preferred. The bending behaviors of these two wafer types 
differ substantially. The (100) wafers often tend to behave 
much like an isotropic material, and (110) wafers show 
significant orthotropy in most cases. If the unit direction 

55 vectors I and m are restricted to the (100) plane, the above 
equations become the following equations. 

s12 + 2(s11 - s12 - 1 /2s44)l2l3m2m3 
V(lOO) = - su - 2(su - s12 - 1 /2s44)Piti to identify directions within the SCS lattice. In this 60 

discussion, the Miller indices in parentheses, e.g., (110), 
indicate corresponding crystal planes, and those contained in 
brackets, e.g., [110], refer to direction vectors. Although the elastic modulus and Poisson's ratio vary 

substantially within the (100) plane, the bending of a wafer 
65 substrate by uniform biaxial loading depends on the biaxial 

modulus of the substrate material. In the case of a (100) SCS 
wafer, the biaxial modulus is constant. Since the biaxial 

The cubic lattice structure of SCS causes it to exhibit 
orthotropic elastic properties. In many analyses incorporat­
ing the mechanical behavior of bulk silicon, orthotropic 
material properties of SCS are ignored, and the material is 
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modulus of SCS does not vary within the (100) plane, (100) 
SCS wafers behave as if isotropic when bent out of plane by 
uniform biaxial loading. 

8 

elements 

{F} = I [f,]n 

In some instances, properties of (110) SCS wafers may be 
desired for processing reasons. If the unit direction vectors 5 

1 and m are restricted to the (110) plane, the variation of the 
elastic modulus and Poisson's ratio of SCS within the (110) 
plane is given by the following equations. 

FIG. 2 illustrates how structural compliance matrix is 
calculated by inverting the structural stiffness matrix dis­
cussed here. The structural stiffness matrix is calculated in 
the first part of the flowchart. Dimensions, elastic properties, 

l/E(110rs11-2(s11 -s12-1/2s44)11 
2(2-311 

2) 

Bending under uniform biaxial load depends on the biaxial 
modulus of the wafer. Unlike (100) SCS, the biaxial modu­
lus of (110) SCS, given by the following equation, is 
dependent on the direction of the plane. 

( 
E ) 2s44 

T--=-;; 11101 = ((4s11s44 + 6/j - 1) + 6lj'(my - l)-2my) 

(2s11s44 - 2s12s44 - 1) 

Since the biaxial modulus of (110) SCS is anisotropic, a 
(110) wafer substrate will bend in an anisotropic manner, 
even under a uniform biaxial load. 

10 and mesh parameters for the substrate are input at step 201. 
The structural stiffness matrix is calculated at step 202, using 
the isoparametric displacement-based formulation previ­
ously described. With the nodal loads for a particular state 
of film stress calculated and the structural stiffness matrix 

15 assembled, boundary conditions are then set initially in step 
203 in order to prevent rigid body motion, removing the 
singularities from [K] (making [K] invertable ). In each case, 
6 rigid body motions must be restrained, and 6 degrees of 
freedom (DOF) are fixed to accomplish this. At the center of 

20 the neutral and bottom surfaces of the wafer, the x and y 
displacements are fixed, restricting in-plane translation and 
rotation about the x and y axes. An additional in-plane DOF 
is fixed at the neutral surface to prevent rotation about the z 
axis, and the central out-of-plane DOF is fixed at the top 

25 surface to prevent translation in the z direction. The bound­
ary conditions are set by zeroing the rows and columns of 
[K] and the entries in [F] which correspond to the structural 
DOF being deactivated. 

In the inverse finite element approach that is characteristic 
30 of the invention, a three-dimensional structural stiffness 

matrix is assembled for the wafer. The film is assumed to be 

Both the solid substrate and the plane film must be broken 
into element meshes in order to solve the displacement 
problem. Any arrangement of meshes can be used. For this 
example embodiment, a round substrate is created by divid­
ing the disk model into radial slices and circumferential 
rings. To accomplish this, wedge-shaped "degenerate" ele­
ments are used at the center of the disk. For both round and 35 

very thin and to contribute no significant stiffness to the 
structure, so no stiffness matrix is assembled for the film. 
However, another matrix for the film, called the "stress-load 
matrix" in subsequent sections, will be needed in order to 
determine film stress from structural loading; this matrix is square substrates, three layers of nodes are used through the 

thickness, one layer at the top surface, one at the bottom, and 
one layer at the neutral surface (% of the substrate thickness 
below the mid-plane.) These three layers of nodes allow a 
mesh of one quadratic element through the substrate thick­
ness. The structural stiffness matrix is assembled by calcu­
lating individual element stiffness matrices and by adding 
the element stiffness matrix entries into the corresponding 
structural stiffness matrix locations according to the follow­
ing equation. 

elements 

[K] = I [k,ln 

In order to determine wafer displacements, which result 
from intrinsic film stress, it is necessary to calculate the 
distributed nodal loads which approximate the film stress. 
This calculation is accomplished within an element by 3x3 
Gauss quadrature integration of the following equation, 
where {fe} is the element nodal load vector, {00 } is the 
initial stress and [be], t, and J are as previously defined. 

Like the element stiffness matrices, the element load vectors 
are expanded into a structural load vector by taking the load 
for each element node and adding that load to the corre­
sponding structural DOF. This procedure is represented by 
the following equation. 

assembled at this time. With rigid body motion constrained 
by the boundary conditions, the wafer stiffness matrix is 
inverted. Unloaded DOF are now removed, producing a 

40 reduced stiffness matrix and a reduced load vector. The 
problem of determining structural loads from wafer shape is 
under-prescribed. Several plate-bending assumptions are 
applied as displacement constraints. These constraints over­
prescribe the problem and allow for an approximate solu-

45 tion. 
Two alternative approaches can be used in determining 

the stress field matrix. The first, called the "load correction 
method" in subsequent sections, uses the reduced stiffness 
matrix in a least squares fit to calculate approximate struc-

50 tural loading. The loads can then be used to calculate 
approximate film stress field by least squares fit with the 
stress-load matrix. In the second approach, called the "stress 
correction method" in subsequent sections, a single least 
squares fit of both the reduced stiffness matrix and the 

55 stress-load matrix produces an approximate stress field for 
the film. Either approach results in a structural stress field 
determined using the structural compliance matrix, and, at 
least in part a structural stress-load matrix. The results from 
either method may be improved by calculating wafer dis-

60 placements based on the computed stress or load results, 
calculating the difference between the computed and mea­
sured surfaces, and repeating the solution process iteratively 
on the difference surface. 

Typically, FEM is used to determine displacements and 
65 stresses in a structure subject to a known load. However, it 

is also possible to determine input forces from known 
displacements. If all nodal displacements, { x}, are known, 
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solving for the applied forces, {F}, is a simple matter. The 
problem can be solved by the following equation. The 
structural stiffness matrix is singular, but if enough DOF are 
removed to prevent rigid body motion, as previously 
described, then the matrix is no longer singular. Returning to 5 

FIG. 2, the matrix is inverted at step 203 after the boundary 
conditions are set to create the structural compliance matrix, 
[Kr 1 shown in the following equation. 

10 

10 
step 205 of FIG. 2, and can be applied to the film model and 
film stress can determined. 

Solving a displacement FEM problem with initial stress, 
a0 , requires calculating the initial element loads as shown in 
the first of the two equations below. The loads on individual 
elements would then be added into the structural load vector 
for the corresponding DOF, as shown in the second equation, 
previously discussed. 

elements 

{F} = I [f,]n 

With the structural loads established, the displacements 
can be calculated as previously discussed. The resulting 
stresses (in the film and substrate) could then be calculated 

Assuming that wafer surface height has been experimen­
tally determined at the nodal locations, nodal displacements 
are known and nodal forces are sought. In particular, out- 15 

of-plane nodal displacements for the solid model surface are 
known and in-plane nodal forces for the solid model surface 
are sought. Once the in-plane solid model forces are 
determined, they can be used to determine intrinsic mem­
brane stress. 20 for each element by the first of the following equations. In 

this equation, the first term on the left side is commonly 
referred to as the stress due to deformation. In practice, it is 
found that the relatively thick substrate prevents significant 

When solving the above equation for nodal forces, it is 
important to note that the only in-plane loading on the top 
surface of the model is allowed. Columns and rows can be 
removed from the matrix at step 204 of FIG. 2. By the nature 
of the problem, nodal forces associated with all other DOF 25 
must be zero. This observation simplifies the equation 
dramatically. All of the columns of [Kr 1 not associated with 
DOF in the plane of the top surface can be removed, and {F} 
can be reduced to include only in-plane DOF. The only rows 

in-plane deformation of the thin film attached to it. Based on 
this observation, the stress due to deformation in the film 
may be assumed to be small, relative to the initial stress. 
With this assumption, the film stress is approximately equal 
to the initial stress, as shown in the second equation. 

{ oe}o{ 0 0 } 

The result of the inverse calculations previously discussed 
was an approximation of the load on the surface of the wafer. 

of [Kr 1 that contribute to the solution are those correspond- 30 

ing to known displacements in { x}; all other rows and 
corresponding entries in { x} can be eliminated. The problem 
has been reduced to unknown surface forces and known 
out-of-plane surface displacements as shown in the follow­
ing equation. 35 By the equation immediately above, it can be assumed that 

this loading is derived from initial stress. Therefore, deter­
mining film stress from the loads calculated by the inverse 
model requires reversing the integration of the following 

Only the out-of-plane displacements in the top surface are 40 
known, one at each node, but two nodal forces are sought at 
each node. The problem is therefore under prescribed, and in 
general has no unique solution. However, if the solid is 
assumed to behave as a mechanical plate, additional DOF 
can be prescribed. The neutral plane of a plate bent by a 45 
tensile membrane on its surface should be located % of the 

equation, which was previously discussed. 

Reversing the integration of this equation in order to deter­
mine the corresponding film stress for the calculated loads 
presents two challenges. The first challenge is inverting the 
integration of the equation. The second challenge is that the 
loading is known only for the entire film structural model, 

50 not for individual elements. 

plate's thickness below the midsurface; there should be no 
distortion within this plane. Accordingly, if it is assumed that 
the neutral plane of the solid does not deform in-plane, then 
the corresponding DOF can be prescribed to be zero. In 
addition, since the solid structure is quite thin, it is reason­
able to assume that the out-of-plane displacements of the 
neutral and bottom surfaces will closely follow those of the 
top surface. With these additional prescribed DOF, the 
reduced compliance matrix in the above equation now has 55 
five times as many columns as the mesh has surface nodes. 
That is, the equation has five known DOF for every two 
unknown forces. The equation is now over-prescribed. In 
general, there will be no exact solution to this set of 
equations. However, an approximate solution to the equation 60 
can be found by least squares fit, as shown below. 

[[ -JJT -J]-l[ -lJT {F~;m1l = [K,] [K,] [K,] {x,). 

Once these approximate loads have been calculated, the 
structural compliance matrix is output from this process at 

65 

If element, rather than structural, loads were given by the 
inverse computation (ignoring the second challenge), it 
could be assumed that the element loads were the result of 
initial loading as shown by the first equation, below. In order 
to extract the initial stress from the integration of that 
equation, it is useful to assume that the initial stress has the 
form of the second equation below, where [p] is a matrix of 
shape functions and { c} is a vector of coefficients. 

With the stress field assumed to have the form of the 
equation above, the coefficient vector { c} is dependent on 
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the load case, but is independent of the variables of inte­
gration and can be removed from the integral, as shown in 
the first of the next two equations. The resulting integral 
depends only on the element shape and choice of stress field 
shape functions, and not on a particular load case. Since this 5 

integral problem is independent of load case, it can be 
calculated for each element as the stress-load matrix [ ae], 
shown in the second equation, and applied to any load case. 

12 

elements 

[A]= I [a,]n 

The latter portion of the flowchart of FIG. 3 illustrates the 
above process as a series of program execution steps. The 
index j representing the node being operated on is set at 306, 
and an index m is set at 307 as shown. Each element 

{f,()nv)) = I'.I'. [b,f[p]t1Jdqd1){C) 

[er,]= I'.I'. [b_f[p]t1ldqd1) 

10 stress-load matrix is expanded as shown at step 308. At 309, 
a check is made to see if the last node has been operated on. 
If not, this index is incremented at 310. At step 311, a similar 
check is made for the index i for the number of elements. If 
there are still elements left, i is incremented at 312. If not, 

15 the process ends, and the structural stress-load is output at 
313. An convenient set of shape functions, which adequately 

represents the anticipated stress patterns may be chased for 
[p]. The following equations illustrate an arbitrary order 
two-dimensional polunominal field of biaxial stress. This is 20 
an isotropic stress field used as an example. An anisotropic 
can be used as well. 

Once the structural stress-load matrix has been 
assembled, the problem of determining film stress from film 
load becomes the following equation, where the unknown 
quantity is { c}, the vector of stress coefficients. 

{F ,(;nv)}=[ A]{ C} 

The number of columns in [A] and the length of { c} depend 

,{~,J 25 on the number of shape functions used to represent the film 
stress field. It may be desirable to limit the technique to 
smooth, slowly varying stress fields. If the initial stress field 
is assumed to be quite smooth, the number of shape func­
tions necessary to accurately represent it are few, compared 

X y xy 

p= X y xy 

0 0 0 0 

x2 y2 

x2 y2 

0 0 

Yn 

Yn 

0 

30 to the number of calculated forces. If this assumption is 
applied, the above equation is over-prescribed, and an 
approximate stress solution can be calculated by least 
squares fit, as shown by the equation below. 

FIG. 3 illustrates the determination of the structural stress 35 

load matrix from element stress load matrixes. The flowchart 
begins with the part of the process just described. Substrate 
dimensions, thickness and mesh parameters are used as 
input at 301. Element connectivity [C] is generated at 302. 
Starting with the first element at 303, the stress-load matrix 40 

for each element is calculated 304 using the equation 
previously discussed, as reproduced in the flowchart. The 
two-dimensional polynomial field of biaxial stress is used as 
shown at 305 of FIG. 3. The element index i is incremented 
during the latter part of the process, as discussed below, and 45 

the calculation shown at 304 is repeated. 

[[AY[A]r'[AY{F,(;nv)}={ c} 

With the stress coefficients calculated, the approximate 
initial film stress can be determined by the following 
equation, previously discussed. 

<Jo=[p]{c} 

The inverse loading is determined by the first equation, 
shown below, previously discussed. Combining this equa­
tion with the least squares best fit equation shown in the 
above paragraph gives the second equation shown below, 
which relates surface displacements to film stress field 
coefficients. 

{F,(;nv)}=[[[K,i-1Y[K,i-1i-1[[K,i-1Y{x,} 

[[ A Y[A ir'[A Y[[[K,i-1nK,i-1i-1[[K,i-1 n x, }={ c} 

Rather than calculating approximate structural loads, and 
then calculating approximate coefficients of the film stress 
field as in the above equation, a single approximation can be 

The second challenge in determining film stress from the 
loads calculated by the inverse computation is that only the 
loads on the entire film structure are known. The loading on 

50 
individual elements is not known. In an initial stress dis­
placement problem, the structural loads would be assembled 
from element loads. The structural inverse loads could be 
seen as the sum of individual inverse element loads, as 
shown in the equation below. However, this summation is 
not easy to invert, so extracting individual element loads is 
not a viable option. 

55 made. The first equation below relates stress field coeffi­
cients directly to surface displacements. If the number of 
stress field coefficients is less than the number of surface 
nodes, then this problem too is over-prescribed and can be 
solved with the least squares approximation shown in the elements 

{F~lnv)l = I [f,unv)ln 
60 second equation below. 

Rather than calculating individual element loads, a 
structure-size stress-load matrix can be assembled, [A] in the 
following equation, from the individual element stress-load 65 

matrices. This is achieved by adding each row of [ae] to the 
row of [A] which corresponds to the appropriate DOF. 

{x,}=[KJ,-1[A]{ c} 

{c}=[[[K,r1[A]Y[K,r1[A]r1[[K,r1[A]Y{x,} 

Using either the equation immediately above, or the 
previous equation for { c}, the film stress can be finally 
determined. FIG. 4 illustrates two embodiments in a flow-
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chart format that describes a software implementation of the 
technique. The measured displacement at 401 is an input. In 
the simplest embodiment, constraints are set at 402. The 
stress field coefficients are calculated at just described at step 
403, using the structural compliance matrix, 205, calculated 5 

in FIG. 2 and the stress-load matrix, 313, calculated in FIG. 

magnitude of the residual surface vector according to the 
following equation. 

DOF 

I ({rd)]!; 

DOF 
3. A plot of the film stress field is output at 404 according to 
the previously discussed equation: 

<v[p]{c}. 

In this case, the other steps and inputs on the flowchart are 
related to iteration, and do not necessarily have to be 
implemented. However, iterative improvements can increase 
the accuracy of the film stress measurements produced using 
the invention. 

Two methods for iterative improvement are suggested by 
the equations presented thus far. The first step in iterative 
improvement of the inverse solution is computation of the 
residual surface. This is accomplished at each iteration by 
the following equation. The nodal forces calculated by the 
previous iteration are applied to the forward model and the 
calculated out-of-plane displacement at the measurement 
locations is extracted. These calculated displacements are 
subtracted from the measured displacements, producing the 
residual surface { ra}. 

{r dt-{ X, }-[KJ,-1
{ F ,(;nv)t-l 

In one method using iteration, the stress correction 
method, film stress is initially calculated as just described. 
This method is illustrated as part of FIG. 4. At step 405, 
index j is set to 1. At each iteration, j, is incremented as 
shown at 406, and a correction to the film stress is calculated 
by applying the equation shown at 403 to the residual 
surface, { ra}, as given as shown at step 407, according to the 
first equation below. Again, the residual surface has been 
expanded to include the same displacement constraints as 
{ xr}. In order to calculate the residual surface, nodal loads 
must first be calculated. The calculation of nodal loads is 
accomplished at each iteration by application of the second 
equation shown below at step 408. The residual surface can 
then be calculated by the equation shown immediately above 
at step 409. At step 410 the process ends if j has reached the 
maximum number of iterations set at 400. 

{Ct-{ C t_,+[[[K,r'[A]Y[KX'[A]r'[[K,]31 '[A]Y{rdt 

{F ,(;nv)t-[ A]{ Ct 

In the other iterative method, called the force correction 
method, described by the flowchart in FIG. 5, film stress is 
calculated by this equation (previously discussed) at step 
501. 

[[AY[A]r1[AY[[[KX1Y[K,i-1r 1[[KX1 ]T{x,}-{c} 

However, at each iteration, j, as controlled by steps 502, 503, 
504, and 505, a correction to the inverse nodal forces is 
calculated by applying the inverse solution to calculate 
surface loads as shown at step 506, to the residual surface, 
{ ra}, as shown at step 507. However, before the residual 
surface is applied it is expanded to include the same dis­
placement constraints as { xr} in the equation of step 505, 
resulting in the correction being applied at step 508 accord­
ing to the equation shown below. The input, constraint 
setting, and output steps are the same as in FIG. 4. 

{F,(;nv)t-{F,(;nv)t-i+[[[KX'Y[K,]31 1
]

31 1[[K,J" 1Y{rd}j 

As the iterations of either method progress, the displace­
ment solution can be seen to converge by monitoring the 

L {x,Jr 
; 

10 As previously discussed, in some embodiments, the 
invention in implemented through software operating on a 
programmable computer system or program execution sys­
tem such as a personal computer or workstation, or other 
microprocessor-based platform. The program execution sys-

15 tern is interfaced to a measurement system such as a laser 
scanning stress and flatness gauge. FIG. 6 illustrates further 
detail of a computer system that is implementing the inven­
tion in this way. System bus 601 interconnects the major 
components. The system is controlled by microprocessor 

20 
602, which serves as the central processing unit (CPU) for 
the system. System memory 605 is typically divided into 
multiple types of memory or memory areas such as read­
only memory (ROM), random-access memory (RAM) and 
others. The system memory may also contain a basic input/ 
output system (BIOS). A plurality of general input/output 

25 (1/0) adapters or devices, 606, are present. Only two are 
shown for clarity. These connect to various devices includ­
ing a fixed disk drive, 607, a diskette drive, 608, and a 
display, 609. The display shows stress maps or other forms 
of stress measurements produced through the use of the 

30 invention. Computer program instructions for implementing 
the functions of the invention are stored on the fixed disk, 
607. When the system is operating, the instructions are 
partially loaded into memory, 605 and executed by micro­
processor 602. The system optionally includes another 1/0 

35 device, an interface adapter or circuitry, shown at 603, for 
connection to the stress and flatness gauge, 610. Examples 
of possible interfaces include well-known standards such as 
Ethernet, RS-232, IEEE-1394, USE, or a non-standard inter­
face specifically designed for this application. It should be 

40 noted that the system of FIG. 6 is meant as an illustrative 
example only. Numerous types of general-purpose computer 
systems are available and can be used. Available systems 
include those that run operating systems such as Windows™ 
by Microsoft and various versions of Unix. As previously 

45 mentioned, the program execution system and measurement 
system can also be combined in one unit. 

Elements of the invention may be embodied in hardware 
and/or software as computer program code (including 
firmware, resident software, microcode, etc.). Furthermore, 

50 the invention may take the form of a computer program 
product on a computer-usable or computer-readable storage 
medium having computer-usable or computer-readable pro­
gram code embodied in the medium for use by or in 
connection with an instruction execution system such as that 

55 shown in FIG. 6. Such mediums are illustrated graphically 
in FIG. 6 to represent, for example, the diskette drive. A 
computer-usable or computer-readable medium may be any 
medium that can contain, store, communicate, or transport 
the program for use by or in connection with an instruction 

60 execution system. The computer-usable or computer­
readable medium, for example, an electronic, magnetic, 
optical, electromagnetic, infrared, or semiconductor system. 
Note that the computer-usable or computer-readable 
medium could even be paper or another suitable medium 

65 upon which a program is printed. Computer program code 
can also be accessed or "downloaded" through a network 
such as the Internet. 
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Specific embodiments of an invention are described 
herein. One of ordinary skill in the semiconductor and 
computing arts will quickly recognize that the invention has 
other applications in other environments. In fact, many 
embodiments and implementations are possible. The follow- 5 

ing claims are in no way intended to limit the scope of the 
invention to the specific embodiments described above. 

I claim: 
1. A method of producing a stress measurement for a film 

10 
applied to a substrate having known dimensions and known 
structural properties, the method comprising: 

measuring surface displacement of the substrate; 

16 
calculating a stiffness matrix; 
inverting the stiffness matrix; and 
removing columns corresponding to unloaded degrees of 

freedom and rows corresponding to unprescribed dis­
placements. 

9. The method of claim 5 wherein the determining of the 
structural stress-load further comprises calculating element­
by-element stress-loads and expanding the element-by­
element stress-loads to determine the structural stress-load. 

10. The method of claim 6 wherein the determining of the 
structural stress-load further comprises calculating element­
by-element stress-loads and expanding the element-by­
element stress-loads to determine the structural stress-load. 

determining structural compliance based on an inverse 
finite element model of the substrate, and a structural 
stress-load using the known dimensions and known 
structural properties of the substrate; 

11. A method of producing a stress measurement for a film 
15 applied to a substrate having known dimensions and known 

structural properties, the method comprising: 

calculating a stress field using the structural compliance, 
the structural stress-load, and the surface displacement 

20 
of the substrate; and 

outputting the stress measurement based on values in the 
stress field. 

2. The method of claim 1 wherein the determining of the 
structural compliance further comprises: 

calculating a stiffness matrix; 

inverting the stiffness matrix; and 

25 

removing columns corresponding to unloaded degrees of 
freedom and rows corresponding to unprescribed dis-
placements. 30 

3. The method of claim 1 wherein the determining of the 
structural stress-load further comprises calculating element­
by-element stress-loads and expanding the element-by­
element stress-loads to determine the structural stress-load. 

4. The method of claim 2 wherein the determining of the 35 

structural stress-load further comprises calculating element­
by-element stress-loads and expanding the element-by­
element stress-loads to determine the structural stress-load. 

measuring surface displacement of the substrate; 
determining structural compliance based on an inverse 

finite element model of the substrate, and a structural 
stress-load using the known dimensions and known 
structural properties of the substrate; 

calculating initial surface loads based on the structural 
compliance; 

iteratively correcting the initial surface loads to arrive at 
a final surface load by determining, for each iteration, 
a residual surface; 

calculating a stress field using the structural stress-load 
and the final surface loads; and 

outputting the stress measurement based on values in the 
stress field. 

12. The method of claim 11 wherein the determining of 
the structural compliance further comprises: 

calculating a stiffness; 
inverting the stiffness matrix; and 
removing columns corresponding to unloaded degrees of 

freedom and rows corresponding to unprescribed dis­
placements. 

5. A method of producing a stress measurement for a film 
applied to a substrate having known dimensions and known 
structural properties, the method comprising: 

40 
13. The method of claim 11 wherein the determining of 

the stress-load further comprises calculating element-by­
element stress-loads and expanding the element-by-element 
stress-loads to determine the structural stress-load. measuring surface displacement of the substrate; 

determining structural compliance based on an inverse 
finite element model of the substrate, and a structural 
stress-load using the known dimensions and known 
structural properties of the substrate; 

calculating an initial stress field using the structural 
compliance, the structural stress-load, and the surface 
displacement of the substrate; 

iteratively correcting coefficients in the initial stress field 
to arrive at a structural stress field; and 

outputting the stress measurement based on values in the 
structural stress field. 

14. The method of claim 12 wherein the determining of 

45 
the stress-load further comprises calculating element-by­
element stress-loads and expanding the element-by-element 
stress-loads to determine the structural stress-load. 

15. A computer program product including a computer 
usable medium having a computer program embodied 

50 
thereon, the computer program for producing a stress mea­
surement for a film applied to a substrate having known 
dimensions and known structural properties, the computer 
program comprising: 

6. The method of claim 5 wherein iteratively correcting 55 

coefficients further comprises, for each iteration, determin­
ing a residual surface after calculating nodal surface loads. 

instructions for causing a measuring device to measure 
surface displacement of the substrate; 

instructions for determining structural compliance based 
on an inverse finite element model of the substrate, and 
a structural stress-load using the known dimensions and 
known structural properties of the substrate; 7. The method of claim 5 wherein the determining of the 

structural compliance further comprises: 

calculating a stiffness matrix; 

inverting the stiffness matrix; and 
removing columns corresponding to unloaded degrees of 

freedom and rows corresponding to unprescribed dis­
placements. 

8. The method of claim 6 wherein the determining of the 
structural compliance further comprises: 

60 

65 

instructions for calculating a stress field using the struc­
tural compliance, the stress-load, and the surface dis­
placement of the substrate; and 

instructions for displaying the stress measurement based 
on values in the stress field. 

16. The computer program product of claim 15 wherein 
the instructions for determining of the structural compliance 
further comprise: 
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instructions for expanding the element-by-element stress­
loads to determine the structural stress-load. 

instructions for calculating a stiffness matrix; and 

instructions for inverting the stiffness matrix; and 

instructions for removing columns corresponding to 
unloaded degrees of freedom and rows corresponding 
to unprescribed displacements. 

24. The computer program product of claim 20 wherein 
the instructions for determining the structural stress-load 

5 further comprise: 

17. The computer program product of claim 15 wherein 
the instructions for determining the structural stress-load 
further comprise: 

instructions for calculating element-by-element stress-
10 

loads; and 

instructions for expanding the element-by-element stress­
loads to determine the structural stress load. 

instructions for calculating element-by-element stress­
loads; and 

instructions for expanding the element-by-element stress­
loads to determine the structural stress-load. 

18. The computer program product of claim 16 wherein 
the instructions for determining the structural stress-load 
further comprise: 

25. A computer program product including a computer 
usable medium having a computer program embodied 
thereon, the computer program for producing a stress mea­
surement for a film applied to a substrate having known 
dimensions and known structural properties, the computer 

15 program comprising: 

instructions for calculating element-by-element stress­
loads; and 

instructions for expanding the element-by-element stress­
loads to determine the structural stress load. 20 

19. A computer program product including a computer 
usable medium having a computer program embodied 
thereon, the computer program for producing a stress mea­
surement for a film applied to a substrate having known 
dimensions and known structural properties, the computer 25 

program comprising: 
instructions for causing a measuring device to measure 

surface displacement of the substrate; 
instructions for determining structural compliance based 

30 
on an inverse finite element model of the substrate, and 

instructions for causing a measuring device to measure 
surface displacement of the substrate; 

instructions for determining structural compliance based 
on an inverse finite element model of the substrate, and 
a structural stress-load using the known dimensions and 
known structural properties of the substrate; 

instructions for calculating initial surface loads based on 
the structural compliance; 

instructions for iteratively correcting the initial surface 
loads to arrive at a final surface load by determining, 
for each iteration, a residual surface; 

instructions for calculating a stress field using the stress­
load, and the final surface loads; and 

instructions for displaying the stress measurement based 
on values in the stress field. a structural stress-load using the known dimensions and 

known structural properties of the substrate; 
instructions for calculating an initial stress field using the 

structural compliance, the structural stress-load, and 
the surface displacement of the substrate; 

26. The computer program product of claim 25 wherein 
the instructions for determining the structural compliance 

35 
further comprise: 

instructions for iteratively correcting coefficients in the 
initial stress field to arrive at a structural stress field; 
and 

instructions for displaying the stress measurement based 40 

on values in the structural stress field. 
20. The computer program product of claim 19 wherein 

the instructions for iteratively correcting coefficients, for 
each iteration, determine a residual surface after calculating 
nodal surface loads. 45 

instructions for calculating a stiffness matrix; 
instructions for inverting the stiffness matrix; and 
instructions for removing columns corresponding to 

unloaded degrees of freedom and rows corresponding 
to unprescribed displacements. 

27. The computer program product of claim 25 wherein 
the instructions for determining the structural stress-load 
further comprise: 

instructions for calculating element-by-element stress­
loads; and 

instructions for expanding the element-by-element stress­
loads to determine the structural stress-load. 

21. The computer program product of claim 19 wherein 
the instructions for determining the structural compliance 
further comprise: 

instructions for calculating a stiffness matrix; 
instructions for inverting the stiffness matrix; and 
instructions for removing columns corresponding to 

28. The computer program product of claim 26 wherein 
the instructions for determining the structural stress-load 

50 further comprise: 

unloaded degrees of freedom and rows corresponding 
to unprescribed displacements. 

22. The computer program product of claim 20 wherein 
the instructions for determining the structural compliance 55 

further comprise: 
instructions for calculating a stiffness matrix; 
instructions for inverting the stiffness matrix; and 
instructions for removing columns corresponding to 60 

unloaded degrees of freedom and rows corresponding 
to unprescribed displacements. 

23. The computer program product of claim 19 wherein 
the instructions for determining the structural stress-load 
further comprise: 65 

instructions for calculating element-by-element stress­
loads; and 

instructions for calculating element-by-element stress­
loads; and 

instructions for expanding the element-by-element stress­
loads to determine the structural stress-load. 

29. A system for producing a stress measurement for a 
film applied to a substrate having known dimensions and 
known structural properties, the system comprising: 

means for measuring surface displacement of the sub­
strate; 

means for determining structural compliance based on an 
inverse finite element model of the substrate, and a 
structural stress-load using the known dimensions and 
known structural properties of the substrate; 

means for calculating a structural stress field using the 
structural compliance, the stress-load, and the surface 
displacement of the substrate; and 
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means for displaying the stress measurement based on 
values in the stress field. 

30. The system of claim 29 wherein the means for 
calculating the structural stress field further comprises: 

means for calculating an initial stress field using the 5 

structural compliance, the structural stress-load, and 
the surface displacement of the substrate; and 

means for iteratively correcting coefficients in the initial 
stress field to arrive at the structural stress field. 

31. The system of claim 29 wherein the means for 10 

calculating the structural stress field further comprises: 
means for calculating initial surface loads based on the 

structural compliance; 

20 
removing columns corresponding to unloaded degrees of 

freedom and rows corresponding to unprescribed dis­
placements. 

36. The apparatus of claim 33 wherein the structural 
compliance is determined by performing a method compris­
ing: 

calculating a stiffness matrix; 

inverting the stiffness matrix; and 

removing columns corresponding to unloaded degrees of 
freedom and rows corresponding to unprescribed dis­
placements. 

37. The apparatus of claim 34 wherein the structural 
compliance is determined by performing a method compris-

means for iteratively correcting the initial surface loads to 
arrive at a final surface load by determining, for each 
iteration, a residual surface; and 

15 ing: 

means for calculating the structural stress field using the 
structural stress-load, and the final surface loads. 

32. Apparatus for producing a stress measurement for a 20 
film applied to a substrate having known dimensions and 
known structural properties, the apparatus comprising: 

a measurement system operable to measure surface dis­
placement of the substrate; and 

calculating a stiffness matrix; 

inverting the stiffness matrix; and 

removing columns corresponding to unloaded degrees of 
freedom and rows corresponding to unprescribed dis­
placements. 

38. The apparatus of claim 32 wherein the structural 
stress-load is based on known dimensions and structural 
properties of the substrate and is determined by calculating 
element-by-element stress-loads and expanding the element­
by-element stress-loads to determine the structural stress­
load. 

39. The apparatus of claim 33 wherein the structural 
stress-load is based on known dimensions and structural 
properties of the substrate and is determined by calculating 
element-by-element stress-loads and expanding the element­
by-element stress-loads to determine the structural stress­
load. 

40. The apparatus of claim 34 wherein the structural 

a program execution system operatively interfaced to the 25 

measurement system, the program execution system 
operable to control the measurement system and deter­
mine the surface displacement measured by the mea­
surement system, the program execution system further 
operable to calculate a structural stress field using 30 

structural compliance determined by an inverse finite 
element model of the substrate, a structural stress-load, 
and the surface displacement, and further operable to 
display the stress measurement based on values in the 
structural stress field. 35 

stress-load is based on known dimensions and structural 
properties of the substrate and is determined by calculating 
element-by-element stress-loads and expanding the element­
by-element stress-loads to determine the structural stress­
load. 

33. The apparatus of claim 32 wherein the program 
execution system calculates the structural stress field by 
performing a method comprising: 

calculating an initial stress field using the structural 
compliance, the structural stress-load, and the surface 40 

displacement of the substrate; and 
iteratively correcting coefficients in the initial stress field 

to arrive at the structural stress field. 
34. The apparatus of claim 32 wherein the program 

execution system calculates the structural stress field matrix 45 

by performing a method comprising: 
calculating initial surface loads based on the structural 

compliance; 
iteratively correcting the initial surface loads to arrive at 

a final surface load by determining, for each iteration, 50 

a residual surface; and 
calculating the structural stress field using the structural 

stress-load and the final surface loads. 
35. The apparatus of claim 32 wherein the structural 

compliance is determined by performing a method compris- 55 

ing: 
calculating a stiffness matrix; 
inverting the stiffness matrix; and 

41. The apparatus of claim 35 wherein the structural 
stress-load is based on known dimensions and structural 
properties of the substrate and is determined by calculating 
element-by-element stress-loads and expanding the element­
by-element stress-loads to determine the structural stress-
load. 

42. The apparatus of claim 36 wherein the structural 
stress-load is based on known dimensions and structural 
properties of the substrate and is determined by calculating 
element-by-element stress-loads and expanding the element-
by-element stress-loads to determine the structural stress­
load. 

43. The apparatus of claim 37 wherein the structural 
stress-load is based on known dimensions and structural 
properties of the substrate and is determined by calculating 
element-by-element stress-loads and expanding the element­
by-element stress-loads to determine the structural stress­
load. 

* * * * * 


	Bibliography
	Abstract
	Drawings
	Description
	Claims

