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(57) ABSTRACT 

A left-handed nonlinear transmission line system has mul­
tiple nonlinear capacitors connected in series between input 
and output terminals and multiple inductances connected in 
parallel between the nonlinear capacitors and a return con­
ductor extending between the input and output terminals. 
The nonlinear capacitors have a capacitance characteristic 
that changes with the voltage applied across the capacitors, 
such as a capacitance that decreases with increasing voltage. 
A radio frequency signal source is coupled to the input 
terminals and provides power at a selected drive frequency. 
Depending on the frequency of the drive signal with respect 
to the Bragg cutoff frequency of the nonlinear transmission 
line, the output signal may include a strong signal compo­
nent at the third harmonic of the input drive signal fre­
quency, components at higher harmonics, or components at 
fractional frequencies of the input drive signal frequency . 
Parametric generation of other signal waves that are phase 
matched with the signal wave produced by the input drive 
signal is also possible under appropriate conditions. The 
left-handed nonlinear transmission line system generates 
such output signal frequencies with high efficiency. 
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LEFT-HANDED NONLINEAR 
TRANSMISSION LINE MEDIA 

STATEMENT OF GOVERNMENT RIGHTS 

2 
handed (RH) and LH media, when one or both of them are 
nonlinear, have been reported in A. M. Belyantsev, A. B. 
Kozyrev, "RF oscillation generation in coupled transmission 
lines with anomalous and normal dispersion," Technical 

This invention was made with United States government 
support awarded by the following agencies: USAF/AFOSR 
F49620-03-l-0420. The United States government has cer­
tain rights in this invention. 

5 Physics, Vol. 46, No. 7, pp. 864-867, 2001; A. B. Kozyrev, 
"The structure of a shock electromagnetic wave synchro­
nous with several waves propagating in coupled transmis­
sion lines with different types of dispersion," Technical 
Physics, Vol. 47, No. 2, pp. 272-274, 2002; A. M. Belyant-

FIELD OF THE INVENTION 

The present invention pertains generally to the field of 
nonlinear transmission lines and left-handed artificial media. 

10 sev, A. B. Kozyrev, "Reversed Doppler effect under reflec­
tion from a shock electromagnetic wave," Technical Phys­
ics, Vol. 47, No. 11, pp. 1477-1480, 2002; I. V. Shadrivov, 
A. A. Sukhorukov, Y. S. Kivshar, "Nonlinear surface waves 
in left-handed materials," Phys. Rev. E, Vol. 69, No. 1, p. 

15 016617, January 2004. 
BACKGROUND OF THE INVENTION 

Artificial materials (metamaterials) with simultaneously 
negative permeability and permittivity are sometimes called 
left-handed (LH) materials. LH materials often use arrays of 20 

metallic wires and arrays of split-ring resonators or planar 
transmission lines periodically loaded with series capacitors 
and shunt inductors. See, e.g., D. R. Smith, W. J. Padilla, D. 
C. Vier, S. C. Nemat-Nasser, and S. Schultz, "Composite 
medium with simultaneously negative permeability and per- 25 

mittivity", Phys. Rev. Lett., Vol. 84, No. 18, pp. 4184-4187, 
May 2000; G. V. Eleftheriades, A. K. Iyer, and P. C. Kremer, 
"Planar negative refractive index media using periodically 
L-C loaded transmission lines," IEEE Trans. Microwave 
Theory & Tech., Vol. 50, No. 12, pp. 2702-2712, December 30 

2002; A. Grbic and G. V. Eleftheriades, "Overcoming the 
diffraction limit with a planar left-handed transmission-line 
lens", Phys. Rev. Lett., Vol. 92, No. 11, p. 117403, 19 Mar. 
2004. The unique electrodynamic properties of these mate­
rials, first predicted by Veselago in 1968, include the reversal 35 

of Snell's law, the Doppler effect, Cherenkov radiation and 
negative refractive index, making them attractive for new 
types of radio frequency (rf) and microwave components. V. 
G. Veselago, "The electrodynamics of substances with 
simultaneously negative values of E andµ," Sov. Phys.-Usp., 40 

Vol. 10, No. 4, pp. 509-514, January-February 1968. The 
most tantalizing is the possibility of realizing "perfect" 
(diffraction-free) lenses because of their inherent negative 
index of refraction. R. A. Shelby, D. R. Smith, and S. 
Schultz, "Experimental verification of a negative index of 45 

refraction," Science, Vol. 292, pp. 77-79, April 2001; A. 
Grbic and G. V. Eleftheriades, "Overcoming the diffraction 
limit with a planar left-handed transmission-line lens," Phys. 
Rev. Lett., Vol. 92, No. 11, p. 117403, 19 Mar. 2004. 

Most studies ofLH media are in the linear regime of wave 50 

propagation and have already inspired new types of micro­
wave devices, such as LH phase-shifters and LH directional 
couplers. M. A. Antoniades, G. V. Eleftheriades, "Compact 
linear lead/lag metamaterial phase shifters for broadband 
applications", IEEE Antennas and Wireless Propagation 55 

Lett., Vol. 2, pp. 103-106, 2003. C. Caloz, A. Sanada, T. 
Itoh, "A Novel Composite Right-/Left-Handed Coupled­
Line Directional Coupler With arbitrary Coupling Level and 
Broad Bandwidth," IEEE Trans. Microwave Theory & 
Tech., Vol. 52, No. 3, pp. 980-992, March 2004. However, 60 

materials that combine nonlinearity with the anomalous 
dispersion of LH media, can give rise to many new and 
interesting phenomena and applications. A. A. Zharov, I. V. 
Shadrivov, Y. S. Kivshar, "Nonlinear properties of left­
handed metamaterials," Phys. Rev. Lett., Vol. 91, No. 3, p. 65 

037401, 18 Jul. 2003. Some nonlinear wave phenomena that 
occur during propagation along the boundary between right-

SUMMARY OF THE INVENTION 

A left-handed nonlinear transmission line system in accor­
dance with the present invention may be operated in three 
different regimes or modes: 1) generation of higher harmon­
ics ( conversion of a fundamental drive signal to an output 
signal enriched with higher harmonics of the fundamental 
signal); 2) parametric generation/amplification; 3) genera­
tion of fractional frequencies of the fundamental input drive 
signal frequency. The mode of operation is determined by 
the parameters of the left-handed nonlinear transmission line 
system and can be controlled electronically by varying the 
amplitude and frequency of the input drive signal. Mixed 
modes of operation are also possible under appropriate 
conditions. 

The left-handed nonlinear transmission line system of the 
invention includes multiple nonlinear capacitors connected 
together at nodes in series between input and output termi­
nals with multiple inductances connected in parallel between 
the capacitors and a return conductor that extends between 
the input and output terminals. The nonlinear capacitors and 
the inductances connected in parallel therewith form a 
plurality of nonlinear transmission line sections connected 
together between the input and output terminals. The non­
linear capacitors may have a symmetric non-constant 
capacitance characteristic such that the effective capacitance 
decreases with the absolute value of the voltage applied 
across the capacitor. Such capacitors may be formed, for 
example, utilizing back-to-back varactor diodes. The non­
linear capacitors may also have an asymmetrical voltage­
capacitance characteristic, for example, as implemented 
with a DC bias applied to a single varactor diode. A radio 
frequency (RF) source is coupled to the input terminals, 
preferably through an input coupling capacitor, and the 
output terminals are coupled to a load. The left-handed 
nonlinear transmission line system may be implemented by 
mounting back-to-back varactor diodes on an insulating 
base, which are connected together by metalized connectors 
formed on the base surface that extend to contacts on the 
diodes, and with metal connectors extending from a con­
nection to a diode to a ground plane conductor to form the 
parallel inductances. The system of the invention may also 
be implemented in nonlinear transmission lines in two or 
three dimensions, in which a two or three dimensional array 
of nodes have nonlinear capacitors connected between pairs 
of nodes, and wherein inductances extend from connections 
to the nonlinear capacitors in the array to a ground return 
conductor that extends between the input and output termi­
nals. To provide efficient generation of third harmonics in a 
left-handed nonlinear transmission line medium (system) 
the absolute value of phase mismatch per one stage of LH 
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NLTL system 1~3 -3~ 11 should be close to it (~ 1 and ~3 are 
relative wave numbers or phase shifts per one stage for 
fundamental and 3rd harmonic respectively). The nonlinear 
transmission line system of the invention can be imple­
mented with fewer discrete transmission line sections than 5 

are required for right-handed transmission lines to get the 
same ratio of the power conversion. Harmonic generation is 
possible over a significantly wider operating frequency 
range and at relatively higher frequencies in comparison 
with the conventional right-handed nonlinear transmission 10 

line. At some parameters (when 1~ 11>w/c and 1~3 1<3w/c, w1 

is the frequency of fundamental input signal and c is the 
velocity of light in free space) the left-handed nonlinear 
transmission line can be the wave guide for the fundamental 
input signal and a leaky-wave antenna for the generated 15 

third harmonic, thus significantly simplifying the radiation 
of the generated power. Furthermore, the left-handed non­
linear transmission lines of the invention have advantages 
from a design perspective, since there is more freedom to 
optimize parameters as the design is less restricted by the 20 

host waveguide structures than in the case of a right-handed 
periodically loaded nonlinear transmission line. The system 
of the invention can be the basis for highly efficient and 
powerful frequency multipliers. Longer (e.g., 7-stages or 
more) left-handed transmission lines can also be used for 25 

parametric generation and amplification. Parametric ampli­
fication in a two-dimensional (2-D) LH-NLTL can be used, 
for example, to realize a very-low-noise conformal radar 
active or amplifying receiver array that functions as a 
"perfect lens" without diffraction. The nonlinear transmis- 30 

sion line system of the invention may also be utilized to 
generate an output signal to the load having components at 
frequencies that are fractional frequencies of the input drive 
signal frequency, particularly where the drive signal fre­
quency is greater than three times the Bragg cutoff fre- 35 

quency. 
Further objects, features and advantages of the invention 

will be apparent from the following detailed description 
when taken in conjunction with the accompanying drawings. 

BRIEF DESCRIPTION OF THE DRAWINGS 

In the drawings: 

40 

4 
line for the fundamental relative frequencies 1.4 and 4.4 
which correspond to the edges of the frequency range under 
consideration. 

FIG. 7 is a graph showing the spectrum of the voltage 
waveform at the output load of a left-handed nonlinear 
transmission line system corresponding to the maximum of 
third harmonic conversion efficiency at a fundamental fre­
quency w,niwB=2.89, with an inset showing the original 
waveform in solid line and the voltage waveform at the input 
in dashed line. 

FIG. 8 is a graph showing the spectrum of the waveform 
at the input of a seven section left-handed nonlinear trans­
mission line system (R/Z0 =1, V,np=2\7, w0 /wB=2.6). 

FIG. 9 is a graph showing the spectrum of the waveform 
at the output of the seven section left-handed nonlinear 
transmission line system as in FIG. 8. 

FIG. 10 are graphs illustrating the spectrum of the wave­
form at the output of a seven section left-handed nonlinear 
transmission line system with R/Z0 =1, 
v,np =4.25\7, w/wB=S.3. 

FIG. 11 is a simplified perspective view of an implemen­
tation of a left-handed nonlinear transmission line system in 
accordance with the invention. 

FIG. 12 is a schematic circuit diagram of a two-dimen­
sional array left-handed nonlinear transmission line system 
in accordance with the invention. 

FIG. 13 is a simplified plan view of an implementation of 
a two-dimensional left-handed nonlinear transmission line 
system in accordance with the invention. 

FIG. 14 is a schematic circuit diagram of the left-handed 
nonlinear transmission line system operating as a parametric 
amplifier. 

FIG. 15 is a schematic circuit diagram of the left-handed 
nonlinear transmission line system in another implementa­
tion as a parametric amplifier. 

DETAILED DESCRIPTION OF THE 
INVENTION 

For purposes of illustrating the invention, a one-dimen­
sional left-handed nonlinear transmission line (ID LH 
NLTL) circuit 20 having multiple discrete transmission line 
sections is shown in FIG. 1. Each section 21 includes a 
nonlinear series capacitor 23 ( of capacitance Cn) and a FIG. 1 is a schematic circuit diagram of a left-handed 

nonlinear transmission line system in accordance with the 
invention. 

FIG. 2 is a schematic circuit diagram of a conventional 
right-handed nonlinear transmission line system. 

FIG. 3 is a graph illustrating the dependence of the 
function FA for both left-handed (solid line) and right­
handed ( dotted line) nonlinear transmission lines. 

45 parallel inductor 24 ( of inductance L0 ) connected to a return 
or ground line 25. Adjacent capacitors are connected 
together at nodes 26 and an inductor 24 is connected from 
each node 26 to the return line 25. The system 20 is supplied 
with a drive signal at input terminals 27 from a source 28 

FIG. 4 is a graph illustrating the dependence of the 
magnitude of the phase mismatch on the relative fundamen-
tal frequency for both left-handed (solid line) and right­
handed (dotted line) nonlinear transmission line systems. 

FIG. 5 are graphs illustrating the conversion efficiency in 
percent for the third and fifth harmonics as a function of the 
relative fundamental frequency for five section left-handed 

50 with internal resistance 30 and coupled through a capaci­
tance 31, and the system 20 is coupled at output terminals 33 
through a capacitance 34 to a load 36. The circuit of FIG. 1 
may be viewed as the dual of the conventional right-handed 
nonlinear transmission line (RH NLTL) shown in FIG. 2. In 

55 the linear case Cn =C10 ( capacitance per section), and in the 
zero loss case, Rd=R=O (Rd and Rare the resistances of the 
resistors 37 and 38 accounting for loss in capacitors and 
inductors, respectively, and connected in series with them), 

( solid lines) and right-handed ( dashed lines) nonlinear trans- 60 
mission line systems. 

and the dispersion relation is 

FIG. 6 are graphs illustrating the dependence of lcpl at the 
output of a five section left-handed nonlinear transmission 
line as a function of the relative fundamental frequency 
corresponding to data on the conversion efficiency shown in 65 

FIG. 5, with insets showing the spectra of voltage wave­
forms at the output to the load of the nonlinear transmission 

(1) 

Here~ is the phase shift (in radians) per section and L0 is 
the inductance per section. The value ~=Jt corresponds to the 



US 7,135,917 B2 
5 

boundary of the transparency band (the minimal frequency 
of the propagating wave, also known as the Bragg cutoff 
frequency): 

1 (2) 
Ws=---

2✓ LoC10 

In the linear limit (where the capacitors 23 are linear 10 

capacitors), the left-handed (LH) circuit 20 is a high pass 
filter. When co is increased, ~ decreases monotonically 
(anomalous dispersion), and thus the fundamental wave 
(-it~~0 ~it) propagating in this structure is backward (i.e., 
the phase and group velocities are directed in opposite 15 

directions). This property permits us to refer to this structure 
as left-handed (in Veselago's terminology). See V. G. Vese­
lago, supra. 

The following considers 3rd harmonic generation in the 
LH transmission line system 20 analytically. The approach 20 

used is that discussed in K. S. Champlin, D. R. Singh, 
"Small-signal second-harmonic generation by a nonlinear 
transmission line," IEEE Trans. Microwave Theory & Tech., 
Vol. MTT-34, No. 3, March, 1986, pp. 351-353, for con­
ventional homogeneous right-handed nonlinear transmis- 25 

sion lines to derive an analytical expression for the ampli­
tude of the 2nd harmonic to 3rd harmonic generation in the 
discrete left-handed nonlinear transmission line system of 
the invention. 

Nonlinear wave processes in the LH system 20 are 30 

governed by Kirchhoff's laws, stated here as equations (3) 
and (4). 

6 

-continued 

Q (t) = '\' {Q eJmwt + Q' e-Jmwt) m = 1 3 5 n L...Jm,n m,n, ,, 

(7) 

m=l 

where co is the lowest-frequency sinusoidal component of 
Un and Qn. Eliminating i/ between (3) and (4) and 
substituting (6) and (7) into the resulting differential­
difference equation yields (after equating the terms): 

(-m2w2 +jmwRIL0 )(Qm,n+!-2Qm,n-!)+(jmwG+RGILo) 

(Um,-+ 1-2Um,n+Um,--i)-Um,nfL0~0 for m~l,3,5 (8) 

Equation (8) represents a system of coupled linear differ­
ence equations relating to the Um.n and Qm.n coefficients. By 
substituting (6) and (7) into (5), and making the assumption 
that harmonic voltage terms are small compared with U 1 .m 

one finds that, to third order, these coefficients are also 
related by 

Q1,n = Q'(0)Uu (9) 

Q,,n = Q'(0)U,,; + ~Q"'(O)Ui,n 

Thus, the Qm.n coefficients can be systematically elimi­
nated between (8) and (9). For m=l and 3 this procedure 
leads to 

(10) 

35 and 
(3) 

(4) 

40 

Here, Vn and i/ are the voltage at the n-th node and 
current through then-th inductor, Un =Vn-Vn-l is the voltage 
across then-th nonlinear capacitor, Qn is the charge stored in 
the n-th capacitor. To simplify the analytical expressions in 
this section, the effect of resistance Rd is accounted for with 45 

a conductance G (not shown in FIG. 1) connected in parallel 
with the capacitors 23. This produces an equivalent circuit 
when the specific frequency represented by the fundamental 
excitation is used in the circuit model. 

We assume that capacitance Cn of the capacitors 23 50 

possesses a symmetric nonlinear voltage-charge relationship 
that can be expanded in a convergent Taylor's series: 

Qn(Un) = Q'(0JUn + ~Qm(O)U~ + ... 
(5) 55 

where Q'(0) = Cjo since dQn(Un) = Cn(Un)dUn. 

One can expand Un and Qn in a complex Fourier series as 60 

follows: 

Un(t) = I {Um,neJm~ + m = 1, 3, 5 and 
(6) 

65 
m=l 

Q"'(0)U 3 

u3,n+! -2U3,n + u,,n-! -kfu,,n = -3!(1-ta:b:) 

where 

03 = tan- 1(G /3wQ'(0)) 

(11) 

(12) 

(13) 

Equation (10) is the homogeneous discrete wave equation 
for the fundamental frequency voltage U i.n· This fundamen­
tal voltage wave serves as the "forcing function" for the 
third-harmonic voltage wave U3 .n according to equation 
(11). Assuming, for simplicity, that only the positive-trav­
eling fundamental wave is excited, the solution to (10) has 
the form 

(14) 

where n is the section number. By substituting (14) into (11), 
and solving the resultant inhomogeneous difference equa­
tion for boundary condition U0 •3=U=.3=0, one obtains the 
third-harmonic amplitude 

(15) 
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where KN is a "nonlinearity factor" defined by 

Q"(0) 
KN= 3 !Q'(0) and 

. . -1 Km 
Ym = CYm + J/3m = 2smh 2 

(16) 

(17) 

8 
The 3rd harmonic generation is possible at w>wB in the 

case of LH nonlinear transmission lines and at 
O~w~wBRH/3 in the case of RH nonlinear transmission 
lines, where wB RH=2/(L0C10)112 is the Bragg frequency in the 

5 RH nonlinear transmission lines. Thus, in the case of LH 
nonlinear transmission lines, 3rd harmonic generation is 
possible in a higher and a wider frequency range than in RH 
nonlinear transmission lines, with all other parameters being 
the same (see also FIGS. 3 and 4). 

Assuming relatively small losses G<<3wQ'(0) and 10 

R<<3wL0 , one finds the following expression for 3rd har­
monic generation efficiency 

In the case of a RH nonlinear transmission line, the value 
of 1~3 -3~ 11 is small in the operating frequency range and 
tends to zero when the operating frequency goes to zero, 
w---;,0, meanwhile FA RH---;,oo, so that the combined effect of 
functions F fH and F cC cp) is a linear growth, and the optimal 
length of the transmission line (the length required to 
achieve maximum value of conversion efficiency) is deter-

(18) 15 

Here FA(~ 1 ,~3 ) is a function which depends on dispersion 
characteristics only, and determines a maximal conversion 
efficiency for given frequency, and F cC cp) is a periodic in 
space function which we call "coherence function" by 
analogy with K. S. Champlin, et al., supra. FA and F c are 
given by (19) and (20): 

. 2 /31 [ . 2 3 /31 ]
2 

sm- sm-

FA (/31, /33) = -----J- f3 
2 

3/3 
sin2 --2 sin2 --2 - sin2 _____!_ 

2 2 2 

Fe(¢)= sin2t ¢ = (/33 -3/31)n 

In (18) we took into account that 

um,n = vm_,,(1-e-i~mJ 

(19) 

(20) 

(21) 

mined by the tradeoff between this linear growth and expo­
nential decay due to loss along the line. In the case of 
left-handed nonlinear transmission line, I ~3 -3 ~ 1 I is large ( see 

20 FIG. 4) and so the period of the "coherence function" is 
short, as is the "coherence length" of interaction of the 
fundamental wave with its 3rd harmonic, defined as 

25 (24) 

for consistency with K. S. Champlin, et al., supra. This gives 
30 rise to a highly localized energy exchange between the 

fundamental wave and its 3rd harmonic while propagating 
along the LH nonlinear transmission line. From eqn. (20) 
one can easily see that maximum amplitude of the 3rd 

harmonic is achieved when F cC cp) is a maximum at the end 
35 of the line, and therefore the optimal number of LH non­

linear transmission line sections 21 is 

Applying the technique described above for the right­
handed NLTL shown in FIG. 2, one can show that expres­
sion for 113 RH(n) has exactly the same structure as (18) for 40 

the left-handed NLTL system 20, where FA becomes 

(2k + l)rr 
N0 p, = /3

3 
_ 

3131 
, k = 0, 1, 2, 3 ... 

(25) 

(22) 

Analysis of eqns. (18)-(20) shows that in spite of the large 
phase mismatch in the LH nonlinear transmission line, the 

[ 

-2/33 ]
2 

sm -

FA (/31, /33) = F1H (/31, /33) = 3/3 2 f3 
sin2 _____!_ - sin2 --2 

2 2 

45 conversion efficiency can be higher for such systems as 
compared to RH nonlinear transmission lines for relatively 
short transmission lines (lines having relatively few sec­
tions). The effect of loss can thus also be minimized in the 

and ~1 , ~ 3 and a 3 determined by the dispersion equation for 50 

the RH NLTL: 

(23) 

LH nonlinear transmission line system 20 compared to an 
RH system which would require more sections (and thus 
more loss) to achieve similar outputs. 

Furthermore, FIG. 3 shows that there are two frequencies 
(wave numbers) when the denominator in eqn. (19) van­
ishes, and FA(~ 1 ,~3 ) goes to infinity. At these frequencies, . . _ 1{(jmwLo + R) 112 (G + jmwQ'(0)) 1

i
2

} 
CYm + J/3m = 2smh 

2 55 equations (14)-(20) are no longer valid since our approach 
assumes that IV3 nl<<IV1 J However, these frequencies indi­
cate regions that are pr~mising for efficient harmonic gen­
eration. FIGS. 3 and 4 compare FA and the magnitude of phase 

mismatch 1~3 -3~ 11 for both LH and RH nonlinear transmis­
sion lines. Although the analytic expression for 3rd harmonic 60 

generation efficiency in RH and LH nonlinear transmission 
lines have a similar structure, the qualitative picture of 
nonlinear wave processes in general, and 3rd harmonic 
generation in particular, in LH nonlinear transmission lines 
have many distinctions from the RH case. These differences 65 

are consequences of the anomalous dispersion of the LH 
nonlinear transmission lines. 

Thus, the analysis of the function F A(~ 1 ,~3 ) together with 
the magnitude of phase mismatch I~ 3 -3 ~ 1 I ( or determined by 
phase mismatch "coherence length" NJ predicts that the 3rd 

harmonic generation in short LH nonlinear transmission line 
systems can be more efficient than in RH systems of the 
same length of line. Though it gives clear qualitative sce­
narios of harmonic generation, our analysis is not valid for 
the case of strong nonlinearity (large capacitance ratio) and 
large amplitude. To account for all the factors that affect 
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wave propagation phenomena in LH nonlinear transmission 
lines, we have carried out detailed computer simulations. 

In the simulations it is assumed that the nonlinear capaci­
tors Cn =C(Vn-Vn_ 1) are formed by two back-to-back var­
actor diodes to provide symmetric capacitance-voltage char­
acteristics expressed as: 

C(V)- __ C_p_~ 
- (l+IV/V1al)M 

(26) 

We used the values for prototype Agilent TC803 hypera­
brupt varactor diodes: C10=1 pF, M=l.039, V10=0.7V, 
Rd=6Q. These diodes were chosen because of their high 
capacitance ratio: C(0V)/C(l 0V)= 17. The input port of the 
LH nonlinear transmission line system 20 is fed by a 
sinusoid V,np =VO sin( wt) from the source 28. The amplitude 
of the input is chosen such that the voltage drop across the 
diodes does not exceed the breakdown voltage, V6r=10V. 
The circuit is loaded with resistance RL=0.8Z0 

(Z0 =(L0 /C10)
112

) which is equal to the generator resistance 
R =RL (unless the other specified). Simple 5- and 7-section 
LH nonlinear transmission lines were simulated with Agilent 
ADS. 

FIG. 5 plots the conversion efficiency for the 3rd and 5th 

harmonics (the ratio of the harmonic power delivered to the 
load to the input power applied to the LH system 20) for both 
LH and dual RH nonlinear transmission lines. One can see 
that generation of higher harmonics is possible in a limited 
frequency range. 

FIG. 6 shows the dependence oflcpl (defined by eqn. (20)) 
at the end of a 5-section LH nonlinear transmission line 
(lcpl=51~ 3 -3~ 1 1) on the fundamental frequency. For this pur­
pose, the total phase shift of the fundamental wave and its 
3rd harmonic over the entire LH nonlinear transmission line 
has been calculated from the results of computer modeling. 
One can easily see that the maximum 3rd harmonic genera­
tion efficiency at w/wB""2.9 corresponds to the maximum of 
the "coherence function" at the output of the LH system 
(lcpl=5it) while the local minima at w/wB""2.4 and w/wB""3.9 
corresponds to its minimum (lcpl=6Jt and 4it, respectively). 
Another local maximum of efficiency near w/wB""2.2 corre­
sponds to the range where denominator of function FA 
vanishes. The "coherence function" in this range is close to 
its minimum as well, restricting conversion efficiency. 

On the lower frequency side the 3rd harmonic generation 
region is bounded by the transmission line Bragg cutoff 
frequency as given in eqn. (2). The lower left inset in FIG. 
6 shows for this case the spectrum of the voltage waveform 
at the output load of the LH system 20. A fundamental 
frequency of w/wB=l.4 generates many higher harmonics, 
but most of the generated power is reflected back to the 
generator (due to intensive Bragg reflection). 

A detailed analysis shows that, in the frequency range 
2.9~w/wB~3.7, where the 3rd harmonic conversion effi­
ciency is maximum, the amplitude of voltage oscillations 
across the nonlinear capacitors 23 varies periodically from 
section to section. The period of this variation is equivalent 
to two sections 21. The amplitude is large CUmax-V hr) across 
odd capacitors 23 (starting from the input terminals) and 
small CUmax-V6 )5) across even capacitors 23. This corre­
lates well with the period of the "coherence function," which 
requires that the 3rd harmonic amplitude is maximal across 
even sections 21 and close to zero across odd ones. 

This self-induced periodicity of voltage amplitude across 
the nonlinear capacitors 23 leads to a periodic variation of 

10 
the capacitance along the line. Due to the strong nonlinearity 
(large capacitance ratio), this periodicity results in a con­
siderable change of the dispersion characteristics and 
enables quasi-phase-matching of the fundamental wave and 

5 its 3rd harmonic. This would otherwise be impossible in the 
linear limit (the analytic formula of eqn. (18) doesn't take 
this effect into account). Thus, the system 20 has the 
capability of self-supporting 3rd harmonic generation in a 
wide frequency range. This self-induced quasi-phase-match-

10 ing allows the amplitude of the 3rd harmonic, at the points 
corresponding to the maximum of "coherence function," to 
grow from one maximum to the next along the transmission 
line, and thus enhances the conversion efficiency. Computer 
simulations of harmonic generation in LH nonlinear trans-

15 mission line systems of different lengths (different numbers 
of sections 21) show that the conversion efficiency grows 
with the length of the transmission line, and finally saturates 
due to losses in the line. However, the 3-dB operating 
bandwidth decreases because cp becomes more sensitive to 

20 variation in the fundamental frequency with increase of n. 
The maximum of conversion efficiency generally takes place 
when 1~3 -3~ 11""it, and self-induced periodicity occurs. 

The conversion efficiency does not go to zero when the 
"coherence function" vanishes (when lcpl is 61t or 4it), due to 

25 a variation of the phase shift per section along the line, given 
by the strong nonlinearity. 

In summary, the analytical formulas obtained above allow 
explanation of the basic features of the frequency depen­
dence of the 3rd harmonic conversion efficiency and can be 

30 useful for optimization of the parameters of the LH nonlin­
ear transmission line system 20. Computer simulations also 
predict self-supporting 3rd harmonic generation for the case 
where 1~ 3 -~1 1""Jt. 

Furthermore, the periodicity ( or discreteness) of the LH 
35 nonlinear transmission lines is essential for harmonic gen­

eration and is inherent in such system formed of discrete 
components. However, to get harmonic generation in quasi­
homogenous left-handed materials, such as those using 
arrays of metallic wires and split-ring resonators the arrays 

40 should be loaded periodically with nonlinear components. 
FIG. 7 shows the spectrum of the voltage waveform at the 

load corresponding to the maximum 3rd harmonic conver­
sion efficiency and the inset in FIG. 7 compares the original 
waveform with the waveform at the input. The 5th harmonic 

45 conversion efficiency is ~ 1 %, so power conversion in the 
3'd harmonic is very efficient (about 19%), and generation of 
higher harmonics is suppressed. Assuming RL to be 50 Q, 

one can solve for circuit parameters specified above, arriving 
at the value for the fundamental (input) frequency corre-

50 sponding to the maximum conversion efficiency to be 3.7 
GHz and for the value of the power of the 3rd harmonic 
delivered to the load to be 14 mW. 

For comparison, FIG. 5 shows 3rd harmonic generation 
efficiency in a dual RH nonlinear transmission line of the 

55 same length (same number of sections) and based on the 
same back-to-back varactor diodes used as nonlinear capaci­
tors. The 3rd harmonic generation efficiency in the LH 
nonlinear transmission line 20 is higher (19% vs. 14%) and 
occurs at higher frequencies (maximum at w/wB""2.9 vs. 

60 w/wB""l.9), and has wider 3-dB operating bandwidth (60% 
vs. 30% ). The 3rd harmonic conversion efficiency in the LH 
nonlinear transmission line 20 is of the same order as that 
which can be obtained in a conventional periodically loaded 
nonlinear transmission line with normal dispersion ( of the 

65 low-pass filter type), but the required transmission line 
length is shorter for the LH nonlinear transmission line, and 
thus the per-section efficiency is higher. 
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The decrease in 3rd harmonic generation efficiency at the 
higher frequency boundary is related to other mechanisms of 
frequency conversion. One of them is the instability known 
as parametric generation of traveling waves. A. S. Gorshkov, 
et al., "Parametric generation in Anamalously Dispersive 5 

Media," Physica D, Vol. 122, 1998, pp. 161-177. It is known 
that parametric generation and amplification in dispersion­
less RH nonlinear transmission lines is suppressed by shock 
wave formation. R. Landauer, "Shock Waves in Nonlinear 
Transmission Lines and their Effect on Parametric Ampli- 10 

fication," IBM Journal, Vol. 4, October 1960, pp. 391-401; 
R. Landauer, "Parametric Amplification Along Nonlinear 
Transmission Line," J. Appl. Phys., Vol. 31, No. 3, March 
1960, pp. 479--484. The impossibility of shock waves in LH 
nonlinear transmission lines gives rise to a variety of para- 15 

metric processes that compete with harmonic generation. 
Parametric generation is possible in the LH NLTL system 

12 
The backward-propagating anti-Stokes wave w02 enables 
internal feedback. We can get amplifying system without 
external resonator in a very simple configuration and this is 
very attractive. 

Waveform evolution in the LH nonlinear transmission 
line of the invention has many similarities with the compe­
tition between resonant excitations and nonlinear parametric 
interactions recently discussed in nonlinear optics. See R. 
Frey, "Suppression of the Medium Excitation in Resonant 
Nonlinear Optics," Opt. Comm., Vol. 89, No. 5-6, 15 May 
1992, pp. 441-446, and the references cited therein. 

Another interesting feature enabled by the interplay of 
anomalous dispersion and nonlinearity is the generation of 
fractional frequencies by high frequency fundamental 
waves. Generation of fractional frequencies becomes pos­
sible when the frequency of the fundamental wave exceeds 
3wB. Anomalous dispersion allows phase-matching of the 
fundamental wave with frequency w1 and wavenumber ~1 

with one of its fractional harmonics having frequency 
wl/m=w/m and wavenumber ~11m=m~ 1 (m is an integer 
number) so that the LH nonlinear transmission line can 
function as a frequency divider. One can apply the analysis 
above to show that the "coherence length" between the 
fundamental wave and a wave at some fractional frequency 

of the invention for appropriate parameters of the input drive 
signal (frequency and amplitude). At parameters chosen for 
parametric generation, the fundamental signal generates 20 

Stokes and anti-Stokes waves instead of higher harmonics. 
Parametric generation occurs at significantly lower voltage 
amplitudes of the input drive signal than are used for 
harmonic generation but almost in the same frequency 
range. 25 can be very long, as determined by 

The high-frequency fundamental (pump) wave with fre­
quency w0 , and wavenumber ~0 , generates two other waves 
with frequencies w01 <W0 and w02=2w0 -w01 . This is illus­
trated in FIGS. 8 and 9, since w0 -w01 =w02-w0 , we refer here 

(27) 

to waves w01 and w02 as respectively Stokes and anti-Stokes 30 

waves by analogy with nonlinear optics. The anti-Stokes 
wave at w02 propagates in the opposite direction relative to 
the fundamental (pump) wave and Stokes waves. We can see 

FIG. 10 shows the spectrum of the voltage waveform at 
the output port of a 7-section LH nonlinear transmission 
line. The fundamental wave w1 effectively generates three 
other waves with frequencies 1/5wi, 3/5w1 , and 7/5w 1 . 

a peak at w02 in the spectrum of the input waveform, while 

Under some conditions, LH nonlinear transmission lines 
exhibit mixed behavior when parametrically generated 
waves start generating harmonics and vice versa. Parametric 
generation can be stimulated by harmonics of the funda-

it is absent at the output. Otherwise, the peak corresponding 35 

to the Stokes wave w01 is larger at the output. The backward­
propagating parametrically generated anti-Stokes wave w02 

enables internal feedback. We therefore have a similar 
situation to backward wave parametric generation. A. S. 
Gorshkov, supra; S. E. Harrisn, "Proposed Background 
Wave Oscillation in the Infrared," Appl. Phys. Lett., Vol. 9, 
No. 3,August 1966, pp. 114-116. Interactionoffundamental 
wave w0 and Stokes wave w01 also lead to generation of 
co-propagating wave at w03=w0 +2w01 . 

40 mental wave resulting in a very complicated spectrum of the 
voltage waveform at the output. The upper inset in FIG. 6 
gives an example of such behavior. One can find peaks 
related to parametric generation, higher harmonics and frac­
tional harmonics. Small peaks near the fundamental fre-

45 quency and its higher harmonics in FIG. 7 also result from 
parametric generation. Thus, LH nonlinear transmission 
lines can be operated in many regimes, and switching 
between different regimes can be accomplished by changing 
the amplitude or frequency of the input signal. Unlike in the 

The anomalous dispersion of left-hand medium allows 
phase matching of the fundamental wave and parametrically 
generated waves so that the "coherence length" of the 
nonlinear parametric processes described above is large. The 
amplitude of parametrically generated waves should grow 
with distance and should compete with harmonic generation 
in the case of longer lines. 

50 case of generation of higher harmonics, the periodicity 
(discreteness) is not essential for either parametric genera­
tion or generation of fractional frequencies, both of which 
can be observed in homogeneous left-handed nonlinear 
medium too. 

Thus, parametric generation assumes that an intensive 
high-frequency input wave (pump wave) generates two 
other waves so that all three waves are phase matched. In the 
case of parametric amplification we have two input waves: 55 

intensive pump wave and low-power signal wave. Power 
from pump wave is transferred to signal wave and so 
amplifies it. The third parasitic idler wave is generated too 

It is noted that all the qualitative considerations presented 
here are valid for second harmonic generation in LH non­
linear transmission line systems periodically loaded with 
biased diodes having asymmetric capacitance-voltage char­
acteristics. The preference given to third order nonlinearity in order to provide phase matching. For use of the LH NLTL 

system as a parametric amplifier, two sources are connected 
to supply an input to the system, in order to generate a high 
power pump signal and a low power signal to be amplified. 
Actually, two configurations are possible: 1) signal is Stokes 
wave (wsignaz<Wpump): both pump and signal waves should 
be generated at the input of LH NLTL; or 2) signal is 
anti-Stokes wave (wsignaz>Wpump): pump and signal wave 
should be generated at the opposite sides of the LH NLTL. 

60 (symmetric capacitance-voltage characteristics) arises from 
the fact that two-dimensional (2-D) and three-dimensional 
(3-D) array structures can be more easily realized if they do 
not require biasing. 

The preferred number of transmission line sections to be 
65 used depends on the intended function of the system. For 

generation of harmonics with the Agilent varactor diodes 
used as nonlinear capacitors as discussed above, a five 
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section line provides the best conversion efficiency. Systems 
used for parametric amplification will generally require a 
large number of sections. The upper limit is usually deter­
mined by loss in the line. 

FIG. 11 shows an illustrative implementation of the 5 

left-handed nonlinear transmission line system 20 of the 
invention. In the implementation of FIG. 11, an insulating 
base 40, e.g., of glass or alumina, has a top surface 41 to 
which the transmission line components are mounted. The 
nonlinear capacitors 23 are formed, e.g., of a pair of back- 10 

to-back varactor diodes 43 ( e.g., Agilent TC803 hyperabrupt 
varactor diodes), with each pair of diodes being connected 
together by a metal pad 45 that extends between the cathode 
contacts of each of the diodes 43 and over the surface 41 
between the diodes 43. These diodes have a highly nonlinear 15 

capacitance-voltage relationship, with the effective capaci­
tance at 10 volts being about 17 times the effective capaci­
tance at about O volts. It is understood that any other devices 
having nonlinear capacitance characteristics may also be 
utilized with appropriate circuit designs. Asymmetrical non- 20 

linear capacitance characteristics may also be obtained uti­
lizing a single diode ( or more than one diode) with biasing 
of the diode to prevent direct current forward conduction. 
The pairs of diodes 43 are connected together by metal pads 
47 formed on the base surface 41 and extending to the anode 25 

contacts of the diodes in adjacent pairs of diodes 43. 
Electrical conductors 49 extend from the pads 45 to a ground 
plane return conductor 25 ( e.g., formed of a sheet of metal) 
to define the inductors 24. The conductors 49 may be 
formed, for example, as a length of ribbon wire or a metal 30 

strip formed on the surface 41 of the insulating base 40. 
Input terminal 27 and output terminal 33 may be formed as 
metal pads on the surface 41 with the input terminal 27 
connected by a metal connector 55 formed on the surface 41 
that extends to the metal pad 47 connected to the first pair 35 

of diodes 43, and with the output terminal 33 connected by 
a metal conductor 57 formed on the surface 41 that extends 
from the output terminal 33 to the metal pad 47 connected 
to the last of the pairs of diodes 43. It is understood that the 
foregoing describes only one example of the invention, and 40 

that the invention may be, as a further example, imple­
mented as an integrated circuit on a suitable substrate (such 
as GaAs, InAs, InGaAs, Si, diamond, etc.). 

An exemplary two-dimensional array left-handed nonlin­
ear transmission line system in accordance with the inven- 45 

tion is shown generally at 60 in FIG. 12. In the system 60, 
the nonlinear capacitors 23 are connected together at nodes 
26 to form a two-dimensional array of capacitors, and each 
of the nodes 26 is connected to ground return 25 via an 
inductance 24. One or more input nodes 27 may be supplied 50 

with a signal from a source 28, and one or more output nodes 
33 may be connected to a load or loads 36. The invention 
may also be embodied in a three-dimensional left-handed 
nonlinear transmission line array in which there is a three­
dimensional array of nodes 26, with nonlinear capacitors 23 55 

connected between each pair of adjacent nodes in three 
dimensions, and with each of the nodes 26 connected via an 
inductance 24 to ground return 25. The invention may also 
be embodied in quasi-homogenous nonlinear media by 
utilizing nonlinear capacitive elements 23 between one, two, 60 

or three dimensional arrays of nodes within the media. FIG. 
13 illustrates a physical implementation of a two-dimen­
sional LH NLTL formed on the surface of an insulating base 
70 (e.g., glass or alumina). Varactor diode chips 72 are 
mounted back to back in pairs to form the nonlinear capaci- 65 

tors 23, and the pairs of diodes 72 are connected together by 
conducting metal pads 74 which join at nodes 26. Via holes 

14 
filled with metal 75 are connected to the conducting pads 74 
at the nodes 26 to form the parallel inductors that connect to 
a conducting plane (not shown in FIG. 13) beneath the 
insulating substrate 70. 

The invention may also be embodied in a parametric 
amplifier configuration in which a pump signal is applied to 
the left-handed nonlinear transmission line system of the 
invention along with a signal to be amplified. FIG. 14 
illustrates a first example of a parametric amplifier configu­
ration in which a pump voltage source 80 and a signal 
voltage source 81 are connected together in series and 
coupled to input terminals of the left-handed nonlinear 
transmission line. The voltage source 80 provides a pump 
voltage Vpump at a frequency w0 that generates a pump wave 
that propagates toward the load at the output. The signal 
voltage source 81 provides a signal voltage Vs,gnaZ to be 
amplified at a frequency w02 which is higher than w0 , and 
power from the pump wave is transferred to the signal wave 
and an idler wave at a frequency w01=2w0 -w02 (which is 
required to provide phase matching). In the configuration 
shown in FIG. 15, the pump source 80 is coupled to the input 
terminals of the transmission line and the signal source 81 is 
coupled to the output terminals of the transmission line in 
series with the load. 

It is understood that the invention is not confined to the 
particular embodiments set forth herein as illustrative, but 
embraces all such forms thereof as come within the scope of 
the following claims. 

What is claimed is: 
1. A left-handed nonlinear transmission line system com­

prising: 
(a) input and output terminals; 
(b) multiple nonlinear capacitors connected together at 

nodes in series between the input and output terminals, 
the capacitors having a non-constant relationship 
between capacitance and voltage across the capacitors 
and having a symmetric capacitance-voltage character­
istic in which the effective capacitance decreases with 
the voltage level across the capacitor; and 

( c) multiple inductances connected in parallel between the 
capacitors and a return conductor that extends between 
the input and output terminals to form a discrete 
transmission line having a plurality of sections. 

2. The system of claim 1 wherein the nonlinear capacitors 
are formed of back-to-back varactor diodes. 

3. The system of claim 2 wherein the varactor diodes are 
mounted on an insulating base and are connected together by 
metalized connector strips formed on the base and extending 
to contacts on the diodes, and wherein the parallel induc­
tances are formed of metal connector strips extending from 
a connection to a pair of back-to-back diodes to a ground 
plane return conductor. 

4. The system of claim 3 wherein the insulating base is 
formed of glass or alumina and wherein the ground plane 
conductor is a sheet of metal. 

5. The system of claim 1 further including a radio 
frequency source coupled via a capacitor to the input ter­
minals of the nonlinear transmission line system and includ­
ing a load coupled to the output terminals of the nonlinear 
transmission line system. 

6. The system of claim 5 wherein the radio frequency 
source provides an input drive signal at a frequency co 
which is greater than the Bragg cutoff frequency w B for the 
nonlinear transmission line system. 

7. The system of claim 5 wherein the radio frequency 
source is coupled to the input terminals via a capacitor of 
capacitance 2C10, the signal source providing a signal at a 
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frequency co greater than wB wherein wB=½✓La½o, and 
wherein L0 is the inductance of the parallel inductances. 

8. The system of claim 5 wherein the source provides a 
signal such that the phase mismatch between fundamental 
wave and its third harmonic is 1~3 -3~ 11"'Jt for generation of 5 

third harmonic components at the output terminals of the 
system. 

9. The system of claim 5 wherein the frequency co of the 
radio frequency source is at least three times the Bragg 
cutoff frequency wB to generate fractional frequencies in the 10 

output signal at the output terminals. 
10. The system of claim 1 wherein the nodes are formed 

in a two-dimensional matrix of nodes with nonlinear capaci­
tors connected between the nodes and with an inductance 
connected to each of the nodes extending to the return 15 

conductor to define a two-dimensional matrix of discrete 
transmission line sections. 

11. A parametric amplifier system comprising: 
(a) a left-handed nonlinear transmission line system com­

prising: 
(1) input and output terminals; 

20 

16 
(b) a pump source coupled to the transmission line system 

to provide power at frequency w0 ; and 

( c) a signal source coupled to the transmission line system 
to provide power at a frequency signal ws,gnaZ· 

12. The system of claim 11 wherein the pump source and 
the signal source are connected in series and coupled to the 
input terminals of the transmission line system. 

13. The system of claim 11 wherein the pump source is 
coupled to the input terminals and the signal source is 
coupled to the output terminals of the transmission line 
system. 

14. The system of claim 11 wherein the nonlinear capaci­
tors are formed of back-to-back varactor diodes. 

15. The system of claim 12 wherein the pump source and 
signal source are coupled via a capacitor to the input 
terminals of the nonlinear transmission line system and 
including a load coupled to the output terminals of the 
nonlinear transmission line system. 

16. The system of claim 15 wherein the pump source and 
signal source are coupled to the input terminals via a 
capacitor of capacitance 2C10 , the signal source providing a 
signal at a frequency co greater than wB wherein wB=½ 

(2) multiple nonlinear capacitors connected together at 
nodes in series between the input and output termi­
nals, the capacitors having a non-constant relation­
ship between capacitance and voltage across the 
capacitors and having a symmetric capacitance-volt­
age characteristic in which the effective capacitance 
decreases with the voltage level across the capacitor; 
and 
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✓La½o, and wherein L0 is the inductance of the parallel 
inductances. 

(3) multiple inductances connected in parallel between 
the capacitors and a return conductor that extends 
between the input and output terminals to form a 
discrete transmission line having a plurality of sec­
tions; 

17. The system of claim 11 wherein the nodes are formed 
in a two-dimensional matrix of nodes with nonlinear capaci­
tors connected between the nodes and with an inductance 

30 connected to each of the nodes extending to the return 
conductor to define a two-dimensional matrix of discrete 
transmission line sections. 

* * * * * 
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