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(57) ABSTRACT 

An example embodiment may involve obtaining a model of 
physical characteristics of a tangible composite laminate. 
The tangible composite laminate may include at least two 
plies, and the model may include representations of each 
respective ply. The example embodiment may also involve 
identifying a virtual material model of one or more plies of 
the tangible composite laminate. The virtual material model 
may be associated with characteristics that match the rep­
resentations of the one or more plies of the tangible com­
posite laminate. The example embodiment may further 
involve updating the model by replacing the representations, 
in the model, of the one or more plies of the tangible 
composite laminate with the virtual material model. The 
example embodiment may additionally involve conducting 
structural analysis of the updated model. 
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ANALYSIS OF LAMINATE STRUCTURES 

GOVERNMENT LICENSE RIGHTS 

This invention was made with government support under 
1344205 and 1029553 awarded by the National Science 
Foundation. The government has certain rights in the inven­
tion. 

BACKGROUND 

Laminate composites are widely used in automotive, 
aerospace, medical, and consumer industries, due to their 
reduced weight and superior structural properties compared 

2 
These as well as other embodiments, aspects, advantages, 

and alternatives will become apparent to those of ordinary 
skill in the art by reading the following detailed description, 
with reference where appropriate to the accompanying 

5 drawings. Further, it should be understood that this summary 
and other descriptions and figures provided herein are 
intended to illustrate embodiments by way of example only 
and, as such, that numerous variations are possible. For 
instance, structural elements and process steps can be rear-

10 ranged, combined, distributed, eliminated, or otherwise 
changed, while remaining within the scope of the embodi­
ments as claimed. 

BRIEF DESCRIPTION OF THE DRAWINGS 

to homogenous materials. However, structural analysis, 15 

typically aided by Finite Element Analysis (FEA), of com­
plex laminates remains challenging. Two dimensional (2D) 
finite element methods based on plate and shell theories may 

FIG. 1 depicts a 3-ply laminate, according to an example 
embodiment. 

FIG. 2 illustrates a schematic drawing of a computing 
device, according to an example embodiment. 

be accurate and efficient, but they generally do not apply to 
the whole structure and require identification and prepro- 20 

cessing of the regions where the underlying assumptions 
hold. Fully automated structural analysis using solid three­
dimensional (3D) elements is possible in principle, but is 
rarely practiced due to the significant increase in the cost of 
computational integration over a large number of laminate 25 

plies. 

FIG. 3 illustrates a schematic drawing of a networked 
server cluster, according to an example embodiment. 

FIG. 4 illustrates a laminate, according to example 
embodiments. 

FIG. 5 illustrates a lap joint, according to example 
embodiments. 

FIG. 6 illustrates replacing at least some plies of an 
original laminate with a virtual material model, according to 
an example embodiment. 

SUMMARY FIG. 7 illustrates ABD-equivalent material models, 
according to example embodiments. 

The choice between 2D and 3D FEA of laminates 30 
FIG. 8 illustrates conforming and non-conforming meshes 

for FEA of a laminate, according to example embodiments. 
amounts to a trade-off between generality and computational 
efficiency. In the embodiments herein, some or all of the 
original laminate may be replaced by simpler new virtual 
material models. These virtual material models have the 
same constitutive relationship as the corresponding model 
(e.g., a 2D plate model) of the original laminate, but use only 
a small fraction of the computational costs of 3D FEA. In 
this way, the structural analysis can obtain an accuracy 
approaching that of 3D FEA, but with a computational cost 
closer to that of 2D FEA. 

A first example embodiment may involve obtaining a 
model of physical characteristics of a tangible composite 
laminate. The tangible composite laminate may include at 
least two plies, and the model may include representations 
of each respective ply. The first example embodiment may 
also involve identifying a virtual material model of one or 
more plies of the tangible composite laminate. The virtual 
material model may be associated with characteristics that 
match the representations of the one or more plies of the 
tangible composite laminate. The first example embodiment 
may further involve updating the model by replacing, in the 
model, the representations of the one or more plies of the 
tangible composite laminate with the virtual material model. 
The first example embodiment may additionally involve 
conducting structural analysis of the updated model. 

In a second example embodiment, an article of manufac­
ture may include a non-transitory computer-readable 
medium, having stored thereon program instructions that, 
upon execution by a computing device, cause the computing 
device to perform operations in accordance with the first 
example embodiment. 

FIG. 9 illustrates replacing plies of a laminate by a set of 
surfaces parallel to the tooling surface of the laminate, 
according to an example embodiment. 

FIG. 10 illustrates a material matrix being transformed 
35 from its principal coordinate system to an FEA element 

coordinate system, according to example embodiments. 
FIG. 11 illustrates a plate clamped on all four sides with 

normal load, and a plate clamped on one side with in-plane 
load on the opposite side, according to example embodi-

40 ments. 
FIG. 12 illustrates how ABD-equivalent material models 

capture a coupling phenomenon in laminates, according to 
example embodiments. 

FIG. 13 illustrates a clamped cylinder with internal pres-
45 sure, according to an example embodiment. 

FIG. 14 illustrates shapes, as well as displacement values 
for laminate cylinders, according to example embodiments. 

FIG. 15 illustrates a barrel vault laminate, according to an 
example embodiment. 

FIG. 16 illustrates a deformed plate and colormap of 
50 out-of-plane displacement for a barrel vault laminate, 

according to example embodiments. 
FIG. 17 illustrates the geometry and boundary conditions 

of a lap joint, according to an example embodiment. 
FIG. 18 illustrates the deformed plate and the colormap of 

55 out-of-plane displacement for a lap joint, according to 
example embodiments. 

FIG. 19 illustrates deformation in a lap joint made of 
laminate [0/90], according to example embodiments. 

FIG. 20 illustrates deformation in a lap joint made of 
60 laminate [-45/45], according to example embodiments. 

FIG. 21 is a flow chart, according to an example embodi-
In a third example embodiment, a computing device may 

include at least one processor, data storage, and program 
instructions. The program instructions may be stored in the 
data storage, and upon execution by the at least one proces- 65 

sor, may cause the computing device to perform operations 

ment. 

DETAILED DESCRIPTION 

Example operations, devices, and systems are described 
herein. It should be understood that the words "example" in accordance with the first example embodiment. 
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Structural analysis of laminates can be carried out using 
different finite element methods that model a structural 
system as a set of finite elements (e.g., 2D or 3D shapes) 
interconnected at nodes. Sometimes, the set of elements are 

and "exemplary" are used herein to mean "serving as an 
example, instance, or illustration." Any embodiment or 
feature described herein as being an "example" or "exem­
plary" is not necessarily to be construed as preferred or 
advantageous over other embodiments or features. Other 
embodiments can be utilized, and other changes can be 
made, without departing from the scope of the subject matter 
presented herein. 

5 referred to as a mesh. During FEA, a stiffness matrix Ke for 
each element e may be calculated using the formula: 

Thus, the example embodiments described herein are not 
meant to be limiting. It will be readily understood that the 10 

aspects of the present disclosure, as generally described 
herein, and illustrated in the figures, can be arranged, 
substituted, combined, separated, and designed in a wide 
variety of different configurations, all of which are explicitly 

15 
contemplated herein. 

1. Overview 

Lamination includes various techniques of manufacturing 20 
materials in multiple layers, or "plies." The plies may be 
joined with one another using some form of adhesive or 
another bonding agent. At least some plies may be made of 
differing materials, resulting in a composite, or hybrid, 
laminate. Such a composite material may exhibit improved 25 

strength, stability, sound insulation, appearance, and/or 
other properties that are superior to a monolithic material. As 
a simple example, corrugated fiberboard boxes are examples 

where B is the strain-displacement matrix, Q is the material 
constitutive relation matrix, and Qe is the element's domain 
over which integration is done. The strain-displacement 
matrix may represent nodal displacements in the elements as 
strains (where strain is the ratio of deformation over initial 
length of an object). The material constitutive relation 
matrix may represent effective strains in the elements as 
stresses (where stress is the force per unit area on an object). 
Ke may represent, for instance, the geometric and material 
behavior information that indicates the resistance of the 
element to deformation when subjected to loading. 

Since there may be numerous plies in a particular lami­
nate ( e.g., dozens or hundreds), determining Ke for each ply 
independently may result a large number of elements ( each 
element using an integration) and is, therefore, computa­
tionally expensive. A much smaller number of elements may 
be used if elements can cross through multiple plies. Regard-
less, for many real-world, meaningful examples of lami­
nates, determining Ke for the laminate is intractable (too of laminates where an inner core provides rigidity and 

strength, while outer plies provide a smooth surface. 
A laminate may be designed for a particular purpose. 

Thus, the combination of plies may be selected to emphasize 
one or more specific characteristics. Specialized laminates 
are commonly used in the automotive, aerospace, medical, 
and consumer industries. 

30 complex and requiring too much time) even for computer 
implementation, while manual calculations are impractical 
to the point of being impossible. 

For instance, integration may be performed using quadra­
ture rules that depend on the geometry of the element as well 

An angular cross-section of an example laminate 100 is 
shown in FIG. 1. Laminate 100 includes three plies, ply 102 

35 as the degree of the integrand, and amounts to sampling the 
integrand at a number of quadrature points. Such a quadra­
ture rule may approximate the definite integral of a function 
as a weighted sum of values of the function at specific points on the top, ply 104 in the middle, and ply 106 on the bottom. 

Each of these plies may be fabricated from differing mate­
rials, or the same material may be used for more than one 40 

ply. For instance, ply 102 and ply 106 may be of the same 
material, while ply 104 may be of a different material. 

The individual plies may be orthotropic (with mechanical 
properties that are different along each orthogonal axis) or 
transversely isotropic (with uniform mechanical properties 45 

in the transverse plane). The laminate as a whole may exhibit 
orthotropic, anisotropic (with mechanical properties that 
vary in any direction), or quasi-isotropic properties (with 
isotropic properties in a plane, but are not restricted to 
isotropic out-of-plane ( e.g., bending) properties). Other pos- 50 

sibilities exist. 
A high stiffness-to-weight ratio may be achieved in some 

laminates by using fiber-reinforced plies. These plies, when 
fused together under high temperature and pressure, form 
complex monolithic laminate parts. The fiber reinforce- 55 

ments, laid using techniques ranging from manual to fully 
automatic, are generally parallel and unidirectional and, 
therefore, result in plies which are anisotropic in nature. 
Material properties are customized by varying fiber angle 
within each ply, the number of plies, and adding additional 60 

materials between plies such as cores and fillers. 
However, the presence of numerous materials leads to 

complex geometry and material distribution in laminate 
structures, which, together with discrete change of material 
properties at ply interfaces, result in laminates that are 65 

difficult to analyze. For example, complex deformation and 
stress-strain fields, among other challenges, may exist. 

within the domain of integration. 
To understand the high cost of integration for laminates, 

suppose an example element used is made of 100 plies. The 
element used is an eight-node brick element with tri-linear 
basis functions, which, for a homogeneous material, is fully 
integrated using 2 integration points in each direction, or 8 
integration points in total. However, in a laminate, 8 inte­
gration points are used for each ply, which results in a 
100-fold increase for the 100-ply laminate. Since integration 
cost represents a significant portion of the overall solution 
procedure, analysis of composite laminates using FEA is a 
computationally expensive proposition. 

Plate or shell assumptions are often used to reduce the 
computation cost and increase accuracy of FEA for thin 
laminates (but other assumptions are also possible). Under 
these assumptions, each ply is viewed as a 2D plate or 3D 
shell, and the laminate is viewed as a stacking or other 
arrangement of these plates or shells. These assumptions 
may lead to different lamination theories, where the material 
matrices Q of all the plies are replaced by so-called ABD 
matrices (which will be explained in later sections). The 
structure and the integration domain effectively reduce to 
that a surface, which is why this method is also called 2D 
FEA. However, strictly speaking, 2D FEA is not valid in 
regions where plate/shell assumptions do not apply, which 
include regions near the edges, joints, and laminate transi­
tions. In this sense, 2D FEA methods are not general, 
because such regions are common in laminate structures, 
and require special treatment when using 2D FEA methods. 
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The embodiments herein may also incorporate lamination 
theories that do not require modeling plies as a 2D plate or 
3D shell. 

6 
any of the methods, processes, or operations disclosed in this 
specification or the accompanying drawings. 

Network interface 206 may take the form of a wireline 
connection, such as an Ethernet connection. Network inter-Thus, the choice between 2D and 3D FEA amounts to a 

trade-off between generality and computational efficiency. 
The embodiments herein provide for analysis of composite 
laminate structures that is as general as 3D FEA and as 
efficient as 2D FEA when dimensional reduction makes 
sense. Specifically, the excessive cost of integration for 
elements is reduced by taking advantage of the plate/shell 
nature of laminates. To this end, the embodiments here use 
a procedure to obtain material models which are simpler, but 
equivalent to, the original laminate, under assumptions made 
in lamination theories. These new material models are 
referred to as ABD-equivalent material models, as they 
result in the same ABD matrices as the original laminate 
and, therefore, can replace the original laminate during 
integration if plate/shell assumptions apply. 

5 face 206 may also take the form of a wireless connection, 
such as IEEE 802.11 (Wifi), BLUETOOTH®, or a wide-area 
wireless connection. However, other forms of physical layer 
connections and other types of standard or proprietary 
communication protocols may be used over network inter-

10 face 206. Furthermore, network interface 206 may comprise 
multiple physical interfaces. 

Input/output unit 208 may facilitate user interaction with 
example computing device 200. Input/output unit 208 may 
comprise multiple types of input devices, such as a key-

The effectiveness of two such material models, a 3-ply 
and a graded material model is demonstrated in a non­
conforming FEA system using solid elements (e.g., solid 
elements including one or more layers and with second­
degree B-spline basis functions that are hierarchical in 
nature). These ABD-equivalent material models are vali­
dated by using them to analyze several benchmark prob­
lems, and compare obtained results from known results. 

15 board, a mouse, a touch screen, and so on. Similarly, 
input/output unit 208 may comprise multiple types of output 
devices, such as a screen, monitor, printer, or one or more 
light emitting diodes (LEDs). Additionally or alternatively, 
example computing device 200 may support remote access 

20 from another device, via network interface 206 or via 
another interface (not shown), such as a universal serial bus 
(USB) or high-definition multimedia interface (HDMI) port. 

In some embodiments, one or more computing devices 
may be deployed in a networked architecture. The exact 

In order to illustrate the computer hardware arrangements 
that might facilitate these features, the next section describes 
an example computing device and an example networked 
server cluster. 

25 physical location, connectivity, and configuration of the 
computing devices may be unknown and/or unimportant to 
client devices. Accordingly, the computing devices may be 
referred to as "cloud-based" devices that may be housed at 
various remote locations. 

2. Example Computing Devices, Servers, and 
Systems 

30 FIG. 3 depicts a cloud-based server cluster 304 in accor-
dance with an example embodiment. In FIG. 3, operations of 
computing device 200 may be distributed between server 
devices 306, cluster data storage 308, and cluster routers 
310, all of which may be connected by local cluster network 

35 312. The number of server devices, cluster data storages, and 
cluster routers in server cluster 304 may depend on the 
computing task(s) and/or applications assigned to server 
cluster 304. 

FIG. 2 is a simplified block diagram exemplifying a 
computing device 200, illustrating some of the functional 
components that could be included in a computing device 
arranged to operate in accordance with the embodiments 
herein. Example computing device 200 could be a personal 
computer (PC), laptop, server, or some other type of com- 40 

putational platform. For purposes of simplicity, this speci­
fication may equate computing device 200 to a server device 
or client device from time to time, and may also refer to 
some or all of the components of computing device 200 as 
a "processing unit." Nonetheless, it should be understood 45 

that the description of computing device 200 could apply to 
any component used for the purposes described herein. 

In this example, computing device 200 includes a pro­
cessor 202, a data storage 204, a network interface 206, and 
an input/output unit 208, all of which may be coupled by a 50 

system bus 210 or a similar mechanism. Processor 202 can 
include one or more CPUs, such as one or more general 
purpose processors and/or one or more dedicated processors 
(e.g., application specific integrated circuits, digital signal 
processors, network processors, etc.). 55 

Data storage 204, in turn, may comprise volatile and/or 
non-volatile data storage and can be integrated in whole or 
in part with processor 202. Data storage 204 can hold 
program instructions, executable by processor 202, and data 
that may be manipulated by these instructions to carry out 60 

the various methods, processes, or operations described 
herein. Alternatively, these methods, processes, or opera­
tions can be defined by hardware, firmware, and/or any 
combination of hardware, firmware and software. By way of 
example, the data in data storage 204 may contain program 65 

instructions, perhaps stored on a non-transitory, computer­
readable medium, executable by processor 202 to carry out 

For example, server devices 306 can be configured to 
perform various computing tasks of computing device 200. 
Thus, computing tasks can be distributed among one or more 
of server devices 306. To the extent that these computing 
tasks can be performed in parallel, such a distribution of 
tasks may reduce the total time to complete these tasks and 
return a result. 

Cluster data storage 308 may be data storage arrays that 
include disk array controllers configured to manage read and 
write access to groups of hard disk drives. The disk array 
controllers, alone or in conjunction with server devices 306, 
may also be configured to manage backup or redundant 
copies of the data stored in cluster data storage 308 to protect 
against disk drive failures or other types of failures that 
prevent one or more of server devices 306 from accessing 
units of cluster data storage 308. 

Cluster routers 310 may include networking equipment 
configured to provide internal and external communications 
for the server clusters. For example, cluster routers 310 may 
include one or more packet-switching and/or routing devices 
configured to provide (i) network communications between 
server devices 306 and cluster data storage 308 via cluster 
network 312, and/or (ii) network communications between 
the server cluster 304 and other devices via communication 
link 302 to network 300. 

Additionally, the configuration of cluster routers 310 can 
be based at least in part on the data communication require­
ments of server devices 306 and cluster data storage 308, the 
latency and throughput of the local cluster networks 312, the 
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latency, throughput, and cost of communication link 302, 
and/or other factors that may contribute to the cost, speed, 
fault-tolerance, resiliency, efficiency and/or other design 
goals of the system architecture. 

8 
itly, they must conform to the geometry of the laminate, with 
their z direction aligned to the transversal direction of 
structure's offset thickness, because the in-plane and out­
of-plane behaviors are assumed or enhanced differently. 

3. Example Lamination Theories 

As noted above, laminates usually behave as plates or 
shells, and are analyzed using 2D FEA. Depending on the 
strain field assumed in the laminate's thickness direction, 
different lamination theories exist, and can be classified as 
one of the following: Classical Lamination Plate Theory 
(CLPT), First Order Shear Deformation Theory (FSDT), or 
Higher Order Shear Deformation Theories (HSDTs). 

5 Such elements may be referred to as conforming layered 
elements, and an example is illustrated in FIG. 1. These 
elements are still expensive for FEA of laminates. 

Aligning an element's z direction to the laminate's trans­
versal thickness direction also simplifies volume integration. 

10 If not aligned, plies can intersect elements at arbitrary angles 
and require computation of intersections between individual 
plies and elements, which is both non-trivial and computa­
tionally expensive. For this reason, 3D FEA of laminates 

15 
using a non-conforming mesh becomes less attractive, 
despite its advantages over using a conforming mesh. 

CLPT assumes laminates undergo only stretching and 
pure bending. Thus, in-plane strains vary linearly in the 
thickness direction, and out-of-plane strains are absent. On 
the other hand, FSTD and HSDT, as the names suggest, 
assume non-zero out-of-plane shear strains; FSDT assumes 
constant while HSDTs assume linear or even higher order 20 

variation. In-plane strains are assumed to be identical to 
CLPT, and out-of-plane normal strain is absent. 

4. Example Material Models for Composite 
Laminates 

This section summarizes the classical theories used to 
establish the constitutive relationships in a laminate, and to 
derive ABD-equivalent material models which remain valid 
under identical assumptions. 

A. Constitutive Relations for Orthotropic Plies 
In linear elasticity, stiffness matrix C is used to charac­

terize a material. Since plies are orthotropic in nature, the 
corresponding matrix C uses 9 independent elastic con­
stants. The constitutive relation between stress and strain 

For instance, FIG. 4 illustrates a laminate and the varia­
tion of strain field in the x direction along the thickness 
obtained using CLPT. Particularly, FIG. 4 part A depicts a 25 

ply of a laminate with a fiber angle of 120 degrees. FIG. 4 
part B shows an xz cross section of a laminate with plies at 
angles of 45, -60, 120, and O degrees. FIG. 4 part C 
illustrates the linear variation of strain along the z-axis while 
the laminate is in stretching and pure bending. 30 

takes a general form given by 

As discussed above, although 2D FEA is efficient, it is not 
general. In addition, 2D FEA suffers from additional draw­
backs that limit its applicability in analyzing a complex 
laminate structure. First, it assumes the structure to be 
dimensionally reduced to a surface, which could be a 35 

complex task in itself. Even if the structure is successfully 
reduced, modeling an assembly of multiple plates and shells 
can be problematic. Also, 2D FEA uses different theories for 
thick and thin plates. In addition, due to dimensional reduc­
tion, 2D FEA can sometimes completely miss a 3D phe- 40 

nomenon. 
For example, in the lap joint problem shown in FIG. 5, 2D 

FEA misses the moments due to eccentric forces when the 
lap joint is reduced to a surface. FIG. 5 part A illustrates a 
lap joint bending under in-plane loading, which leads to high 45 

stress concentration near the joint. However, as depicted in 
FIG. 5 part B, when analyzed as a 2D structure, bending in 
lap joint might not be captured at all. In theory, 3D FEA 
using layered elements will accurately simulate deformation 
in laminate structures. In practice, however, using solid 50 

elements is expensive. 
It is possible to develop hybrid methods that incorporate 

2D plate and shell behaviors in 3D FEA. For example, 
solid-shell elements are 3D elements that use the Assumed 
Natural Strain method to deform like plates and shells. Their 55 

three dimensional nature is well suited for interfacing with 
other solid elements in assemblies. These elements, how­
ever, still require mid-surface extraction and also cannot 
simulate behaviors other than plate and shell behaviors. 

Continuum solid-shell elements, unlike solid-shell ele- 60 

ments, are standard displacement-based elements, but use 
advanced finite element techniques like the Assumed Strain 
Method and the Enhanced Strain Method to improve their 
performance for thin structures. The higher the number of 
assumed and enhanced parameters, the better is the 65 

element's performance, but at the expense of generality. 
Although these elements do not require mid-surfaces explic-

a;~Cu·E),j~l ,2, ... ,6 

where a is stress and E is strain. The equation is in 
contracted notation where i,j=l, 2, 3 are the x, y, z coordinate 
axes, respectively, while i,j=4, 5, 6 are the yz, zx, xy planes, 
respectively. Unlike isotropic materials, C is direction 
dependent for orthotropic materials and may be transformed 
from its principal material directions to element's coordinate 
directions. 

The plane-stress constitutive relationship for dimension­
ally reduced laminates is characterized by a 3x3 stiffness 
matrix Q and is given as 

a;~Qu·E)J~l,2,3 

where i,j=l, 2 represent the x and y axes, respectively, and 
i,j=3 represents the xy plane. 

In thick plates, out-of-plane shear strains Eyz and Eyx are 
significant, and therefore, out-of-plane shear stiffness, in 
addition to in-plane stiffness, are needed to characterize a 
ply. In an arbitrary coordinate system, shear stresses ayz and 
a= are related to shear strains Eyz and Eyx as 

where the indices 4 and 5 represent the planes yz and xz 
respectively. 

It is assumed that the z direction is the thickness direction 
for both the laminate and its plies, which is also the third 
principal direction of the orthotropic layered materials. Plate 
theory assumes that the thickness of a plate in stretching and 
pure bending remains constant, or in other words, Poisson's 
ratios (which measure the negative ratio of transverse to 
axial strain) for vxz and vyz are zero. These assumptions 
reduce the general stress-strain relation to 
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CTx Qu Q12 Q13 0 0 0 Ex 

<Ty Q12 Q22 Q23 0 0 0 Ey 

Txy Q13 Q23 Q33 0 0 0 Yxy 

Ty, 0 0 0 Q44 Q4s 0 )'y, 

Tx, 0 0 0 Q4s Qss 0 )'x, 

CT, 0 0 0 0 0 £3 E, 

where the indices CiJ are reordered to match those of QiJ. 
Also, C33 reduces to E3 , the Young's Modulus, in the third 
principal material direction. Young's Modulus is a measure 
of the stiffness of an elastic material, and is defined as the 
ratio of the stress along an axis over the strain along the axis 
in locations that Hooke's Law holds. Hooke's Law, in tum, 
is the principle that the force needed to extend or compress 
an elastic body a particular distance is directly proportional 
to that distance. 

B. Constitutive Model for Laminates, or Lamination 
Theories 

Classical lamination plate theory (CLPT) assumes that 
laminates can only undergo stretching and pure bending. 
Therefore, strain E, at any point in the laminate can be 
related linearly to strain E,° and curvature K, at the mid­
plane, and is given as 

where z is the distance of the point from the mid-plane. FIG. 
4 part C shows the plot of E, at a typical cross section of a 
laminate. 

Since the amounts of stretching and bending in a plate 
depend only on the net forces and moments, the stresses in 
the laminate's cross-section can be reduced to just mid-plane 
forces N, and moments M,. This is done by integrating 
stresses a, over the thickness of the laminate from -t/2 (the 
bottom of the laminate) to t/2 (the top of the laminate) and 
is given as 

and 

10 
similar to the one used to reduce the in-plane stresses to 
mid-plane forces N,, leading to 

[ 
r 4 ] = K. [ A44 A4s ] · [ E4 ] 
rs A4s Ass Es 

Here, strains E 4 and Es are assumed constant in the z 

10 direction, and any deviation from the actual field is corrected 
using a correction factor K. The extensional shear stiffness 
coefficients A44, A4 s, and Ass are defined as A,J" 

C. ABD-Equivalent Material Models of Laminates 
Under the assumption that ABD matrices are an accurate 

15 approximation of a laminate's behavior and/or characteris­
tics, it stands to reason that any two material models that 
result in identical ABD matrices should be deemed equiva­
lent. In fact, when multiple material models with identical 
ABD matrices exist, these material models form an equiva-

20 lence class of material models. From this class, the simpler 
or simplest models can be determined, and these models can 
be used to replace the original laminate in the 3D integration 
procedure in FEA. 

This process is exemplified in FIG. 6. An original lami-
25 nate with material properties Q/ can be replaced by a new 

material model Q/ that is ABD equivalent to Q/. 

30 

where the original laminate Q/ defines the matrices A/, 
35 B/, and D/, and the new material model Q/ results in the 

same ABD matrices. 
Since the above integral equations are a system of three 

equations for each entry of ABD matrices, they can be 
completely determined by a material model QiJ * that varies 

40 in the thickness direction, and the variation is fully specified 
by 3 or more independent coefficients. There are infinitely 
many such models, and any two of them are interchangeable 
if the assumptions made in lamination theory hold. In other 

Combining this equation with plane-stress constitutive 
relationship for a, and the strain field E, leads to the ABD 45 
matrix model for laminates: 

words, for the purpose of FEA, any arbitrarily complex 
laminate with numerous plies can be replaced by a much 
simpler material model yielding identical results. Further-

The individual coefficients of the matrices A, B, and D for 
indices i=l, 2, 3 are 

Au=f-t12 t1
2 Qudz 

Bu=f-t12 t1
2 Quzdz 

Matrices A and D are extensional and bending compo­
nents of the stiffness respectively, while matrix B couples 
stiffness between bending and stretching that occurs in a 
laminate if its material properties are asymmetrical about its 
mid-plane. If B is a non-zero matrix, a normal pull in x or 
y direction can lead to bending and vice versa. 

The out-of-plane shear stresses can also be reduced to 
mid-plane shear forces I'4 and rs using a procedure very 

more, since the new material model is virtual, it might not 
be subject to manufacturing constraints, and doesn't have to 
be ply-based. Nonetheless, it may be desirable to be able to 

50 manufacture a material represented by a virtual material 
model, perhaps via 3D printing. Alternatively, the virtual 
material model may represent a new composite that is less 
expensive to manufacture. Thus, these "virtual material 
models" may serve as surrogates or proxies for actual 

55 materials or composites that are known or may be deter­
mined in the future. 

For purposes of illustration, two such virtual material 
models, a 3-ply laminate and a quadratically graded mate­
rial, are considered. The in-plane material properties of the 

60 two ABD-equivalent models respectively may be derived, as 
well as the out-of-plane material properties that may be 
common for both the models. 

Nonetheless, other virtual material models may be used. 
In general, any procedure that uses an n-parameter model of 

65 laminate characteristics and solves a corresponding nxn 
system of linear equations may be used as at least part of a 
virtual material model. 
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D. The 3-Ply Laminate Model 
In the equivalence class of material models with given 

ABD matrices, a 3-ply material model is a simple ply-based 
model. FIG. 7 part A shows a 3-ply material model with Q,/k 
representing the material properties of the kth ply. For 5 

purposes of simplicity, each ply is assumed to be of equal 
thickness. With these assumptions, Q,/k can be solved in 
terms of the ABD matrices of the physical laminate as 

transverse shear stiffness Q,/k can be assumed constant 
along the laminate's thickness. Thus, QiJ * can be obtained as 
the average values of A/ over the laminate's thickness for 
i,j=4, 5: 

36D0 -18tB0 -i2 A0 

Q~-1 = IJ lj lj 

u 8t3 

13t2 A0
. - 36D0

. 

Q~-2 = lj lj 

lj 4t3 

36D0 + 18tB0 -i2 A0 

Q~-3 = lj lj lj 

u 8t3 

where tis the laminate's total thickness and indices i,j=l, 2, 
3. 

There always exists at least one unique 3-ply laminate that 

10 
The transverse normal stiffness of laminates, which might 

not be required for 2D FEA, can be used with the ABD­
equivalent models. For instance, as noted above, the trans­
verse normal stiffness for plate structures reduces to Young's 

15 
Modulus Ey For thin plied structures, the resultant out-of­
plane Young's Modulus E3° can be approximated as the 
harmonic mean of Young's Modulus for the individual plies 
of the original laminate, E3 ok To determine the equivalent 
material behavior of ABD-equivalent models, their Young's 

20 
Modulus E3 * can be assumed to be constant throughout the 
laminate thickness. This assumption makes E3 * equivalent 
to E3 °. Therefore 

is ABD-equivalent to the original laminate. Note that only 
the top and bottom plies depend on the B matrix, and the 
difference between these plies captures any material asym­
metry about the mid-plane. If the original laminate is sym- 25 

metrical, the B matrix is zero and the plies QiJ * 1 and Q,1 *
3 are 

identical. 
E. Quadratically Graded Anisotropic Material 
Instead of a ply-based model, the original laminate can 

also be replaced by a continuously varying, or graded, 30 

material. Since there are three equations to be satisfied, a 
quadratic variation with 3 independent coefficients A/ with 
k=0, 1, 2 is sufficient. An example quadratically varying 
material model is shown in FIG. 7 part B and is given as 

where hk is the thickness of the kth ply, and n is the total 
number of plies in the original laminate. 

In this way, various virtual material models that are 
ABD-equivalent to the original laminate can be efficiently 
constructed. If the usual lamination theory assumptions hold 
for the original laminate, these virtual material models may 

A/ can be expressed in terms of the ABD matrices of the 
physical laminate as 

Ao = 15(12Dii - tAii) 
lj t5 

A2 = 3(3tAij - 20Dij) 
lj 4t3 

The coefficients A/ represent various characteristics of 
the material model. For instance, the quadratic coefficient 
A/ and the constant coefficient A/ represent the bending 
and in-phase stiffness of the material model, while the linear 
coefficient A/ represents the coupling stiffness of the given 
laminate. There is at least one unique quadratically varying 
graded material for a given ABD matrix. 

F. Transverse Material Properties of the ABD-Equivalent 
Material Models 

35 result in identical stiffness matrices during any FEA proce­
dure. Thus, any one of these models can be used during 
analysis. However, some models could be easier to imple­
ment than others in a particular system or software package. 
For example, the 3-ply laminate model is straightforward to 

40 implement in systems that already support representation of 
laminates. On the other hand, the graded material model can 
be used to analyze laminates in systems that are meant for 
graded materials, but do not support laminates. 

In general, virtual material models may be chosen using 
45 at least some of the following steps. First, a theory of 

lamination (beam, rod, plate, shell, membrane, etc.) which 
corresponds to known or desired behavior is chosen. The 
purpose of a theory is to simplify the general 3D behavior in 
terms of simplified constitutive relations (such as an ABD 

50 matrix). Second, the minimum number of parameters 
required to represent the simplified behavior is determined. 
For instance, in the examples above, three parameters were 
used. Third, a virtual material model is constructed with this 
minimum number of parameters. 

55 

5. Example Implementation 

In addition to in-plane material properties, out-of-plane 
material properties may be used to characterize the ABD­
equivalent models. These out-of-plane, or transverse, mate- 60 

rial properties can be derived using approaches similar to 
above, and are common for both types of ABD-equivalent 
models. 

Laminates, as proposed by the current and emerging 
standards, are commonly represented as a base surface and 
an associated layup table with an entry for each ply. Base 
surfaces are generally the tooling surfaces on which plies are 
laid, and the table specifies the order, materials, and fiber 
directions of the individual plies. 

From the equations that define AiJ, BiJ, and DiJ, the 
transverse shear properties of a laminate are can be found 
from the extensional stiffness matrix AiJ for i,j=4, 5. Since 
the focus of the analysis is on equivalent material behavior, 

In systems supporting laminates based on the above 
65 standard, implementing the 3-ply model is straightforward. 

The original layup table ( or possibly a subset thereof) with 
any number of entries is replaced by a new table with at least 



US 10,509,875 B2 
13 14 

Finally, plate behavior is assumed in the benchmark 
laminate problems below, with no distinction between plate 
and non-plate regions. This assumption is justified because 
the results obtained with using virtual material models are 

three entries for the plies of the 3-ply model. For imple­
menting the graded material model, instead of a table for the 
plies, coefficients AiJ defining the quadratically graded mate­
rial can be found. 

ABD-equivalent models can be implemented in a mesh­
free system, e.g., a software package supporting meshfree 
analysis. The meshfree system, for instance, may approxi­
mate displacements and stresses using multi-variate 
B-spline functions that are constructed over a uniform 
Cartesian grid. 

5 
commensurate with those obtained using dimensionally­
reduced models of laminates. 

6. Example Numerical Results 

In this section, the results of linear static analysis com-
10 puted using ABD-equivalent materials are compared to 

results from a standard reference text, as well as to results 
computed using commercial software packages, for four 
benchmark problems: a rectangular plate, a cylindrical shell, 
a cylindrical roof, and a lap joint. The first three structures 

During FEA, the ABD-equivalent material models may be 
used while computing element stiffness matrices, Ke. If the 
mesh is conforming and the element's z axis is aligned to the 
laminate's thickness direction, an individual ply's exact 
location can be completely determined by its position in the 15 

z direction (see, e.g., items (a) and (b) in FIG. 8). Thus, in 
this case, computing volume integration for the 3-ply model 
is straightforward. 

However volume integration is more involved for a 
non-conforming mesh. Plies can intersect a grid element at 20 

arbitrary angles (see, e.g., items (c) and (d) in FIG. 8). Also, 
in structures made of multiple laminates, more than one 
laminate can intersect an element. As a result, computing the 
intersection of each ply with an element can be both com-

Material E1 

are single multi-ply laminates, while the lap joint is a bonded 
assembly of two laminates. 

For each of the test structures, the following three con­
figurations are used: cross-ply laminates [0/90Jm angle-ply 
laminates [-45/45]n, and 50-ply laminates. Cross-ply and 
angle-ply laminate configurations are often standard con-
figurations. The 50-ply laminate was chosen to test if the 
features disclosed herein scale for a large number of plies. 
The plies in the 50-ply laminate were selected randomly. 
These three laminate configurations are asymmetrical about 
their mid-plane, and therefore show stretching-bending cou­
pling, as predicted by the classical lamination theory. 

TABLE 1 

25.0e6 psi 1.0e6 psi 
2.0e6 psi 

0.25 0.0 5.0e5 psi 5.0e5 psi 
0.625e6 psi 

2.0e5 psi 
0.625e6 psi 2 7.5e6 psi 0.25 0.0 1.25e6 psi 

plicated as well as expensive. Therefore, for an ease of 
implementation, volume integration can be approximated by 
integration over surfaces. Particularly, each laminate can be 
replaced by a set of surfaces parallel to the tooling surface, 

All plies in each laminate are assumed to be made of one 
of the two materials in Table 1, where E, v, and G are 

35 Young's Modulus, Poisson's Ratio, and the Shear Modulus, 
respectively, and 1, 2 and 3 represent the three principal 
material directions. as shown in FIG. 9. These surfaces, referred to as integration 

surfaces, can be generated as tooling surface's offsets. The 
location of integration surfaces in the laminate's thickness 
direction can be obtained using various quadrature rules, 40 

such as the Lobatto quadrature rules. 
In addition to simplifying volume integration, this inte­

gration scheme also makes implementation of the ABD­
equivalent graded model much less complex. Particularly, 
since an integration surface is an offset at a constant distance 45 

from the laminate's mid-plane, coefficients AiJ of the graded 
material are also constant within that integration surface. 
Therefore, the coefficients may be computed only once. 
Integration over each surface can be performed by first 
triangulating it, and then integrating the obtained triangles 50 

using Gauss quadrature rules. 
While integrating over the triangles, the material matrix 

Q* may also be transformed from its principal coordinate 
system to the element coordinate system. As shown in FIG. 
10, for every triangle, Q* is transformed once for the 55 

triangle's centroid, and the transformed properties Q*' are 
used for all the quadrature points of that triangle. For 
instance, FIG. 10 part A depicts an xy cross-section of the 
Cartesian grid, and an arbitrary fiber in that cross-section. 
FIG. 10 part B zooms in one of the grid elements and shows 60 

a triangle that is being integrated. From the fiber orientation, 
the material principal directions 1 and 2 are found, which are 
not aligned to element directions x and y in general. 

Regardless, the transformation relation in matrix form is 

To evaluate the effectiveness of the disclosed embodi­
ments, these embodiments were incorporated into a com­
mercial software package (Scan&Solve-"SnS") that per­
formed structural analysis of the example laminates using 
the virtual material model. These results were compared to 
structural analysis results from the same example laminates 
(but without the virtual material model) from two other 
commercial software packages (Solidworks andAnsys ). The 
elements available for analyzing laminates in three example 
systems are different. 

In SnS, each benchmark problem was solved using 1000 
and 3000 second-order tri-variate B-spline functions on a 
uniform Cartesian non-conforming grid. The Lobatto 
quadrature rule implies that 3 integration surfaces per ply for 
the 3-ply laminate model, and 4 integration surfaces for the 
quadratically graded laminate model, are sufficient for full 
integration. 

In Solidworks, two-dimensional parabolic triangular shell 
elements were used. 

In Ansys, two-dimensional Shell181 elements were used 
for analyzing single laminate structures, and Solidi 86 ele­
ments were used for analyzing the lap joint. Shell181 are 4 
node elements with 3 displacement and 3 rotational degrees 
of freedom at each node. A penalty method is used to relate 
the independent rotational degrees of freedom about the 

Q*'~GT·Q*·G 

where G is the transformation matrix. 

65 normal (to the shell surface) with the in-plane components 
of displacements. Solidi 86 elements are 20-node plied solid 
elements that exhibit quadratic displacement behavior. 
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A. Benchmark Problem 1: Clamped Rectangular Plate 

TABLE 2 

Laminate Thickness Ansys SW SNS-3-Ply 

(Number of elements) a/h !Ok lk lk 3k 

[0/90]5 10 4.758e-3 4.058e-3 3.855e-3 3.762e-3 

0.1 100 1.543e+O 1.55Qe+O 1.532e+O 1.543e+O 
0.01 1000 1.510e•3 1.552e•3 1.145e•3 1.661e•3 

[-45/45]5 10 5.094e-3 4.360e-3 4.057e-3 4.152e-3 

0.1 100 1.629e+O 1.62Qe+O 1.597e+O 1.611e+O 
0.01 1000 1.581e•3 1.578e•3 1.163e•3 1.684e•3 

The first benchmark problem is a plate clamped on all four 15 
sides, with a normal pressure on the top surface, as shown 

SNS-Graded 

lk 3k 

4.567e-3 3.755e-3 

1.532e+O 1.543e+O 
1.145e•3 1.662e•3 

4.880e-3 4.05oe-3 

1.598e+O 1.611e+O 
1.163e•3 1.685e•3 

A time analysis was performed in order to estimate the net 
efficiency achieved using the virtual material model. Com­
plete analysis of the 50-ply laminate plate using the ABD­
equivalent 3-ply model took 14.9 seconds, out of which 12.8 
seconds were spent integrating 9 integration surfaces (3 

in FIG. 11 part A. Particularly, FIG. 11 part A shows a plate 
with geometry parameters a=l0 inches and h=l, 0.1, 0.01 
inches, clamped from all four sides with a surface pressure 
of q=l00 pounds per square inch (psi). 

A plate under these boundary conditions shows pure 
bending, with maximum displacement at the center of the 
plate. This particular problem was chosen to test if second 
order B-spline basis in SnS can successfully capture bending 
in thin structures, since conventional 3D basis functions tend 
to underestimate bending deformations due to locking. The 
plate was made of Material 1, and consisted of 10 plies laid 

20 surfaces per ply). Therefore, an average of 1.42 seconds was 
spent integrating each surface. This implies that integrating 
over 150 surfaces in the original 50-ply model would require 
roughly 215 seconds for the same analysis. The gain in 
efficiency is even higher when using graded material model, 

in cross-ply and angle-ply configurations. 
Table 2 compares the maximum displacements using 

Ansys, SolidWorks (SW), and the embodiments disclosed 
herein (SnS) for different laminates. Tests were done for 
three different aspect ratios: thin (a/h=l000), moderately 
thick (a/h=l00), and thick (a/h=l0). For both cross-ply and 
angle-ply laminates with moderate thickness, the virtual 
material model accurately predicts the maximum displace­
ment values, and the results from all the systems are in close 
agreement. There are more noticeable differences in the 
displacements computed by the three systems for thin and 
thick laminates, e.g., the virtual material model and SW tend 
to differ by about 5%. However, the virtual material model 
is not under-predicting displacements for thin plates, sug­
gesting that locking is not an issue. 

Tests were also performed on the same plate but when that 
plate is made of 50 random plies. The boundary conditions 
are different from the previous tests-the plate is under an 
in-plane load of 10 e4 pounds of force (!bf) on one end and 
clamped at the opposite end, as shown in FIG. 11 part B. 

This particular problem illustrates the validity of two 
aspects of the virtual material model procedures disclosed 
herein. First, these procedures can support a large number of 
plies. Second, ABD-equivalent material models successfully 
capture coupling behavior in laminates that are asymmetri­
cal about the mid-plane. Due to this coupling, the in-plane 
load F will lead to bending and produces out-of-plane 
deformation. 

25 as it uses only 4 integration surfaces in comparison to 9 for 
the 3-ply laminate. The total time taken for analysis was only 
6.8 seconds, decreasing the total computation cost of analy­
sis by more than 30 times. 

B. Benchmark Problem 2: Clamped Cylinder with Inter-
30 nal Pressure 

For this benchmark problem, a cylinder, made of Material 
2, which is clamped at the two ends and has an internal 
pressure of P 

0
, is considered. Details of the cylinder's 

35 geometry and boundary conditions are shown in FIG. 13. 
Particularly, the clamped cylinder of FIG. 13 exhibits 
P

O 
=2.04 kilopounds per square inch (ksi), a radius (R) of 20 

inches, height (a) of 20 inches, and thickness (h) of 1 inch. 
The maximum radial deflections from J. N. Reddy, 

40 Mechanics of Laminated Composite Plates and Shells: 
Theory and Analysis, CRC press, 2004 (Reddy), Ansys, 
SolidWorks, and the virtual material model are compared in 
Table 3. Elements used by Reddy are Q4 elements, a 
four-node (linear) quadrilateral element, and Q9 elements, a 

45 nine-node (quadratic) quadrilateral element. The total num­
ber of elements used in different methods is specified in the 
second row of Table 3. The tests were performed for one 
aspect ratio, but five different laminates. Results from all the 

50 
methods are clearly in agreement. 

TABLE 3 

Q4 Q9 Ansys SW SNS-3-Ply SNS-Graded 

55 Laminate 16 4 15k 1.2k lk 3k lk 3k 

[0/90] 1.870 1.803 1.706 1.848 1.820 1.773 1.820 1.773 

60 

The ABD-equivalent material models capture this cou­
pling phenomenon accurately as shown in FIG. 12, which 
compares the z displacement fields from Ansys and SnS. 
Particularly, Ansys results are shown in FIG. 12 part A and 
SnS results are shown in FIG. 12 part B. The SnS results 
were calculated over an ABD-equivalent 3-ply material 
model, for a laminate plate made of 50 plies. As depicted in 
FIG. 12, the in-plane load leads to out-of-plane bending. The 
maximum z displacement of 0.3730 inches in Ansys (FIG. 65 

12 part B) and 0.3734 inches in SnS (FIG. 12 part A) are in 

[-45/45] 2.204 2.350 2.356 2.291 2.355 2.290 
[0/90]5 1.719 1.830 1.814 1.776 1.815 1.776 
[-45/45Js 2.210 2.340 2.334 2.282 2.334 2.281 
50-ply 2.350 2.542 2.465 2.424 2.464 2.424 

FIG. 14 shows the deformed shape, as well as the dis­
placement value for the cylinder made of 50 plies. Maxi­
mum radial displacement using Ansys is 0 .23 50 inches (FIG. 
14 part A), and using the 3-ply material model in SnS is 
0.2419 inches (FIG. 14 part B), which is less than a 3% 
difference. agreement. 
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C. Benchmark Problem 3: Barrel Vault 
Another benchmark shell problem is known as the barrel 

vault problem, which models a cylindrical roof under its 
own weight. The structure is made of Material 1, and the 
detailed boundary conditions are shown in FIG. 15. In this 
figure, the vertical pressure is q=0.625 psi and the curved 
ends are fixed. The angular width of the roof is ~=80 
degrees, the radius is R=300 inches, the length of the roof 
a=600 inches, and the thickness of the roofh takes on values 
of 3, 6, and 15 inches. 

TABLE 4 

18 
The geometry and boundary conditions of the lap joint 

analyzed are shown in FIG. 17. The two laminates are made 
of Material 1, and the adhesive ply has been ignored for 
simplicity. The virtual material model results computed in 

5 SnS using ABD-equivalent materials are compared to those 
computed in Ansys using a 20-node plied solid element 
(since 2D shell elements are not appropriate). Table 5 shows 
that the maximum displacement values are in close agree­
ment. FIG. 18 shows the deformed plate and the colormap 
of out-of-plane displacement obtained using ANSYS (FIG. 

Laminate R/h Reddy Ansys SW SNS-3-Ply SNS-Graded 

(Number of elements) 16 !Ok 1.2k lk 3k lk 3k 

[0/90] 100 2.339e+O 2.407e+O 2.46Qe+O 2.307e+O 2.4)5e+O 2.307e+O 2.4)6e+O 
50 5.082e-l 5.29)e-l 5.659e-l 5.48oe-1 5.s1oe-1 5.496e-l 5.503e-l 
20 7.292e-2 7.449e-2 7.560e-2 7.877e-2 8.067e-2 7.956e-2 7.016e-2 

[-45/45] 100 3.597e+O 3.871e+O 3.866e+O 3.411e+O 3.743e+O 3.4)3e+O 3.699e+O 
50 6.76oe- 1 7.652e-l 7.) 7Qe-l 6.675e-l 7.)57e-l 6.671e-l 7.78oe- 1 

20 1.205e-l 1.397e-l 1.13Qe-l 1.Q6)e-l 1.127e-l 1.13)e-l 1.386e-l 

[0/90]5 100 ).4)5e+O ).434e+O 1.564e+O 1.542e+O 1.593e+O 1.54Qe+O 1.593e+O 
50 2.94Qe-l 2.979e-l 3.270e-l 3.335e-l 3.4)2e-l 3.337e-l 3.4)2e-l 
20 5.234e-2 5.246e-2 5.37oe-2 5.361e-2 5.398e-2 5.361e-2 5.399e-2 

[-45/45Js 100 1.8)8e+O 1.836e+O 1.955e+O 1.82)e+O 1.9)2e+O 1.82)e+O 1.9)2e+O 

50 4.096e-l 4.082e-l 4.089e-l 3.796e-l 3.94Qe-l 3.799e-l 3.94Qe-l 
20 1.QQ4e-l 9.727e-2 8.959e-2 7.856e-2 8.009e-2 7.857e-2 8.088e-2 

50-ply 100 1.4106e0 1.478e0 1.391e0 1.445e0 1.391e0 1.445e0 

In Reddy, the maximum vertical displacements are given 
for cross-ply and angle-ply laminates with different aspect 30 

ratios. These values are used for comparing values obtained 
using SW, Ansys, and the virtual material model in Table 4. 
Reddy used Q81 elements, which are eighth order element 
(p=S) with 405 degrees of freedom. For other methods, 
elements are same as before. 

35 

18 part A) and the virtual material model (FIG. 18 part B), 
for a laminate plate made of 50 plies. Due to non-zero 
coupling matrix B, in-plane loads lead to out-of-plane bend­
ing. 

TABLE 5 

Again, there is a fairly close agreement between the 
results from Reddy, S W, Ansys, and the virtual material 
model in all cases, including the 50-ply laminate. For 
instance, FIG. 16 shows the deformed plate and the color­
map of out-of-plane displacement obtained using ANSYS 
(FIG. 16 part A) and the virtual material model (FIG. 16 part 
B), for a laminate plate made of 50 plies. Due to non-zero 
coupling matrix B, in-plane loads lead to out-of-plane bend­
ing. 

40 

Ansys SNS-3-Ply SNS-Graded 

Laminate 760 lk 3k lk 3k 

[0/90]5 1.251 1.147 1.212 1.147 1.212 
[-45/45Js 7.975 6.540 7.641 6.540 7.641 

50-ply 3.304 2.937 3.194 2.938 3.195 

The virtual material model accurately captures coupling 
phenomena in multi-laminate structures. For instance, con-

45 sider the same lap joint, but made of laminates with sub­
stantial stretching-bending coupling properties. In laminate 
[0/90], there is a strong coupling between in-plane stretching 
and out-of-plane cylindrical bending, while in laminate 

The maximum displacement values from SnS using 3000 
elements and Ansys are within 2.5% of each other. As 
before, for the 50-ply laminates, using the 3-ply laminate 
improves computational efficiency roughly 15 times, 
whereas using the graded material was 30 times more 50 

efficient than using the actual laminate structure. 

[-45/45], there is a strong coupling between in-plane 
stretching and out-of-plane twisting. 

For both the laminates, deformation in the lap joint is 
compared in two cases. The first case is for laminate [0/90], 
when 0 degree plies are bonded together (FIG. 19 part A) 

7. Benchmark Problem 4: Multi-Laminate Lap 
Joint 

To demonstrate that virtual material models can be 
extended to structures made of multiple laminates, a lap joint 
made of two laminates bonded together can be analyzed. 
Lap joints are common in real-life structures ( e.g., anywhere 
two pieces of material are joined together by overlapping), 
and exhibit complex deformation fields, even though they 
may have a simple geometry. As discussed earlier, direct 
application of 2D finite element methods does not capture 
3D phenomena in lap joints. In contrast, 3D FEA using a 
non-conforming mesh can be used to simulate lap joints 
made of homogeneous materials, even when extended to 
laminate structures using ABD-equivalent materials. 

55 and when 90 degree plies are bonded together (FIG. 19 part 
B). Particularly, FIG. 19 part A shows deformation in the lap 
joint made of laminate [0/90] in SnS (part Al), and the 
deformation in the lap joint made of laminate [0/90] in 
Ansys when 0 degree plies of the two laminates are bonded 

60 (part A2). FIG. 19 part B shows deformation in the lap joint 
when 90 degree plies of the two laminates are bonded for 
SnS (part Bl) and Ansys (part B2). 

The second case is for laminate [-45/45], when 45 degree 
plies are bonded together (FIG. 20 parts Al and A2) and 

65 when -45 degree plies are bonded together (FIG. 20 parts 
Bl and B2). Particularly, FIG. 20 parts Al and A2 show 
deformation in lap joint made of laminate [-45/45] in SnS 
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(part Al), and Ansys (part A2) when 45 degree plies of the 
two laminates are bonded. FIG. 20 parts Bl and B2 show 
deformation in the lap joint when -45 degree plies of the two 
laminates are bonded for SnS (part Bl) andAnsys (part B2). 

As can be seen in these figures, the deformation in the lap 5 

joints obtained using the virtual material model and Ansys 
agree. The lap joints in FIGS. 19 and 20 exhibit significantly 
different deformation patterns, even though the geometry 
and the boundary conditions are identical. A plausible expla­
nation is as follows. When stretching-bending coupling is 10 

not strong, bending due to eccentric forces in the lap joint 
dominates, and the deformed lap joint looks like FIG. 18. 
However, for the lap joint made of [0/90] laminate in FIG. 

20 
by a computing device, such as computing device 200, 
and/or a cluster of computing devices, such as server cluster 
304. However, the procedure can be carried out by other 
types of devices or device subsystems. 

At block 2100, a model of physical characteristics of a 
tangible composite laminate may be obtained. The tangible 
composite laminate may include at least two plies, and the 
model may include representations of each respective ply. 
Obtaining the model of the physical characteristics of the 
tangible composite laminate may involve conducting mea­
surement of the physical characteristics of the tangible 
composite laminate. 

At block 2102, a virtual material model of one or more 
plies of the tangible composite laminate may be identified. 
The virtual material model may be associated with charac­
teristics that match the representations of the one or more 
plies of the tangible composite laminate. For example, the 
virtual material model may have approximately the same 
stress and strain relationship as the one or more plies of the 
tangible composite laminate. In other words, the stress, 
strain, and displacement characteristics of the virtual mate-
rial model and the tangible composite laminate may agree to 
within, for instance, 15 percent, 10 percent, or 5 percent. 
(The displacement characteristics are provided for given 
loads and material properties by the FEA, whereas strains 
are determined as derivative of the displacement character-
istics, and stresses are determined using stress/strain rela­
tionships.) 

19 parts Al and A2, stretching-bending coupling is strong 
and, in Laminate 2, the resultant moment is in the direction 15 

opposite to the direction of the moment due to eccentric 
forces. This causes Laminate 2 to bend in the opposite 
direction when compared to FIG. 18. On the other hand, for 
Laminate 2 of the lap joint in FIG. 19 parts Bl and B2, 
bending due to stretching-bending coupling is in the same 20 

direction as bending due to the eccentric forces. Therefore, 
the out-of-plane deformation pattern is similar, but higher in 
value when compared to the deformation in FIG. 18. For the 
lap joint made of [-45/45] laminate in FIG. 20, twisting 
moment is generated due to coupling in addition to the 25 

bending moment due to eccentric forces; therefore, the 
out-of-plane deformation is not uniform in the width, or y, 
direction. The direction of the twist reverses when the -45 
degree plies are bonded together instead of the 45 degree 
plies. 

At block 2104, the model may be updated by replacing the 
30 representations, in the model, of the one or more plies of the 

tangible composite laminate with the virtual material model. 
8. Applications and Example Operations 

The embodiments disclosed herein include a new 
approach to modeling composite laminates that allows sig­
nificant reduction in computational cost of 3D structural 
simulation. The essence of the approach is to replace some 

At block 2106, a structural analysis of the updated model 
may be conducted. Conducting structural analysis of the 
updated model may involve performing FEA of the model 

35 with the representations of the one or more plies replaced by 
the virtual material model. 

or all of the actual n-ply laminate structure with a virtual 
ABD-equivalent material model that behaves identically 
under the assumption of the lamination theory, but is much 40 

simpler to analyze. 

More than one virtual material model may be used in this 
fashion. Thus, in some situations, multiple virtual material 
models may replace the representations of respective groups 
of one or more plies of the tangible composite laminate. 
Each of the multiple virtual material models may be differ-
ent. For instance, in a 10-ply laminate, plies 1-7 may be 
replaced by a first virtual material model, plies 8-10 may be 
replaced by a second virtual material model. 

In some cases, the virtual material model may be ABD-
equivalent to the one or more plies of the tangible composite 
laminate. For instance, the virtual material model may 
represent a 3-ply laminate that is ABD-equivalent to the one 
or more plies of the tangible composite laminate. Altema-

This behavior has been demonstrated in two such mod­
els-a 3-ply model, and a quadratically varying graded 
material model. The complexity of these models remains 
constant and is independent of the complexity of the actual 45 

physical laminate. This implies that the computational effi­
ciency gain grows linearly. Thus, for an n-ply laminate 
structure, one can expect O (n/3) efficiency gain with the 
3-ply model and O (3n/4) for the graded model using Lobatto 
quadrature rules for integration. 

These ABD-equivalent models can be implemented in any 
3D FEA system that supports laminates, effectively taking 
advantage of dimensional reduction while still using general 
3D finite elements. Additionally, with a suitable choice of 
basis functions, the ABD-equivalent models make 3D FEA 55 

practical and efficient enough to be considered an attractive 
alternative to existing semi-automated methods. 

50 tively or additionally, the virtual material model may rep­
resent a graded anisotropic material that is ABD-equivalent 
to the one or more plies of the tangible composite laminate. 
The graded anisotropic material may be a quadratically 
graded anisotropic material. 

Some embodiments may further involve determining that 
the characteristics of the virtual material model match those 
of a physical material that is not the tangible composite 
laminate. Then, based on the characteristics of the virtual 
material model matching those of the physical material that 
is not the tangible composite laminate, the physical material 
may be manufactured. For instance, characteristics of the 
virtual material model may be used in conjunction with a 3D 
printer to form a physical sample of the virtual material. 

The proposed ABD-equivalent material models have been 
validated by showing that their use in 3D meshfree analysis 
system leads to results that are consistently in good agree- 60 

ment with known results for several benchmark problems. In 
the numerical tests, the ABD-equivalent material model was 
used everywhere in the laminate structures, but in practice, 
ABD-equivalent material models might be used only in 
plate/shell regions of the structures. 

Additional embodiments may involve conducting struc-
65 tural analysis of the model. Some embodiments may involve 

determining that results from conducting structural analysis 
of the updated model are within a threshold value ofresults 

FIG. 21 is a flow chart illustrating a procedure according 
to example embodiments. This procedure may be carried out 
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from conducting structural analysis of the original model. 
The threshold value may be 5 percent or less. In some 
implementations of the structural analyses, conducting 
structural analysis of the updated model takes less than 10 
percent of the computational time used for conducting 5 

structural analysis of the model. 
Further embodiments may involve using a general 3D 

laminate analysis, but when this analysis determines that 
special conditions apply ( e.g., joints and/or discontinuities), 
it will switch to a simplified virtual material model. This 10 

way, the generality of3D and efficiency of simplified models 
may be attained. 

FIG. 21 depicts non-limiting embodiments. Thus, more or 
fewer steps than shown in FIG. 21 may be used without 
departing from the scope of the embodiments herein. Addi- 15 

tionally, some of the depicted steps may be repeated one or 
more times, or may be omitted altogether. Further, the 
procedure illustrated by the flow chart of FIG. 21 may be 
combined with one another and/or with other aspects 
described this specification and its accompanying drawings, 20 

in whole or in part, also without departing from the scope of 
the embodiments herein. 

9. Conclusion 

The present disclosure is not to be limited in terms of the 
particular embodiments described in this application, which 
are intended as illustrations of various aspects. Many modi­
fications and variations can be made without departing from 

25 

its scope, as will be apparent to those skilled in the art. 30 

Functionally equivalent methods and apparatuses within the 
scope of the disclosure, in addition to those enumerated 
herein, will be apparent to those skilled in the art from the 
foregoing descriptions. Such modifications and variations 
are intended to fall within the scope of the appended claims. 35 

The above detailed description describes various features 
and operations of the disclosed systems, devices, and meth­
ods with reference to the accompanying figures. The 
example embodiments described herein and in the figures 
are not meant to be limiting. Other embodiments can be 40 

utilized, and other changes can be made, without departing 
from the scope of the subject matter presented herein. It will 
be readily understood that the aspects of the present disclo­
sure, as generally described herein, and illustrated in the 
figures, can be arranged, substituted, combined, separated, 45 

and designed in a wide variety of different configurations, all 
of which are explicitly contemplated herein. 

With respect to any or all of the message flow diagrams, 
scenarios, and flow charts in the figures and as discussed 
herein, each step, block, and/or communication can repre- 50 

sent a processing of information and/or a transmission of 
information in accordance with example embodiments. 
Alternative embodiments are included within the scope of 
these example embodiments. In these alternative embodi­
ments, for example, operations described as steps, blocks, 55 

transmissions, communications, requests, responses, and/or 
messages can be executed out of order from that shown or 
discussed, including substantially concurrent or in reverse 
order, depending on the functionality involved. Further, 
more or fewer blocks and/or operations can be used with any 60 

of the ladder diagrams, scenarios, and flow charts discussed 
herein, and these ladder diagrams, scenarios, and flow charts 
can be combined with one another, in part or in whole. 

A step or block that represents a processing of information 
can correspond to circuitry that can be configured to perform 65 

the specific logical operations of a herein-described method 
or technique. Alternatively or additionally, a step or block 

22 
that represents a processing of information can correspond 
to a module, a segment, or a portion of program code 
(including related data). The program code can include one 
or more instructions executable by a processor for imple­
menting specific logical operations or actions in the method 
or technique. The program code and/or related data can be 
stored on any type of computer readable medium such as a 
storage device including a disk, hard drive, or other storage 
medium. 

The computer readable medium can also include non­
transitory computer readable media such as computer-read­
able media that store data for short periods of time like 
register memory, processor cache, and random access 
memory (RAM). The computer readable media can also 
include non-transitory computer readable media that store 
program code and/or data for longer periods of time. Thus, 
the computer readable media may include secondary or 
persistent long term storage, like read only memory (ROM), 
optical or magnetic disks, compact-disc read only memory 
(CD-ROM), for example. The computer readable media can 
also be any other volatile or non-volatile storage systems. A 
computer readable medium can be considered a computer 
readable storage medium, for example, or a tangible storage 
device. 

Moreover, a step or block that represents one or more 
information transmissions can correspond to information 
transmissions between software and/or hardware modules in 
the same physical device. However, other information trans­
missions can be between software modules and/or hardware 
modules in different physical devices. 

The particular arrangements shown in the figures should 
not be viewed as limiting. It should be understood that other 
embodiments can include more or less of each element 
shown in a given figure. Further, some of the illustrated 
elements can be combined or omitted. Yet further, an 
example embodiment can include elements that are not 
illustrated in the figures. 

While various aspects and embodiments have been dis­
closed herein, other aspects and embodiments will be appar­
ent to those skilled in the art. The various aspects and 
embodiments disclosed herein are for purposes of illustra­
tion and are not intended to be limiting, with the true scope 
being indicated by the following claims. 

What is claimed is: 
1. A computer-implemented method comprising: 
obtaining a model of physical characteristics of a tangible 

composite laminate, wherein the tangible composite 
laminate comprises at least two plies, and the model 
comprises representations of each respective ply in 
ABD matrix form, wherein the ABD matrix form is 
based on a combination of: an A matrix that character­
izes extensional components of the respective ply, a D 
matrix that characterizes bending components of the 
respective ply, and a B matrix that characterizes bend­
ing and stretching of the respective ply when material 
properties of the respective ply are asymmetrical about 
its mid-plane; 

identifying a virtual material model of one or more plies 
of the tangible composite laminate, wherein the virtual 
material model is associated with characteristics that 
match the ABD matrix form representations of the one 
or more plies of the tangible composite laminate; 

updating the model by replacing the representations of the 
one or more plies of the tangible composite laminate 
with the virtual material model; and 

conducting, by a computing device, structural analysis of 
the updated model. 
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2. The computer-implemented method of claim 1, 
wherein obtaining the model of the physical characteristics 
of the tangible composite laminate comprises conducting 
measurement of the physical characteristics of the tangible 
composite laminate. 5 

3. The computer-implemented method of claim 1, 
wherein conducting structural analysis of the updated model 
comprises performing finite element analysis of the model 
with the representations of the one or more plies replaced by 
the virtual material model. 10 

4. The computer-implemented method of claim 1 
wherein the virtual material model represents a three-pl; 
laminate that matches the ABD matrix forms of the one or 
more plies of the tangible composite laminate. 

5. The computer-implemented method of claim 1, 15 

wherein the virtual material model represents a graded 
anisotropic material that the one or more plies of the tangible 
composite laminate. 

6. The computer-implemented method of claim 5 
wherein the graded anisotropic material is a quadraticall; 20 

graded anisotropic material. 
7. The computer-implemented method of claim 1, further 

comprising: 
determining that the characteristics of the virtual material 

model match those of a physical material that is not the 25 

tangible composite laminate; and 
based on the characteristics of the virtual material model 

matching those of the physical material that is not the 
tangible composite laminate, manufacturing the physi-
cal material. 30 

8. The computer-implemented method of claim 1, 
wherein the virtual material model being associated with 
characteristics that match the ABD matrix form representa­
tions of the one or more plies of the tangible composite 
lamina~e comprises the virtual material model having 35 

approximately the same stress and strain relationship as the 
one or more plies of the tangible composite laminate. 

9. The computer-implemented method of claim 1, further 
comprising: 

determining that results from conducting structural analy- 40 

sis of the updated model are within a threshold value of 
results from conducting structural analysis of the 
model. 

10. The computer-implemented method of claim 9, 
wherein the threshold value is 5 percent or less. 45 

11. The computer-implemented method of claim 9, 
wherein conducting structural analysis of the updated model 
takes less than 10 percent of computational time used for 
conducting structural analysis of the model. 

12. An article of manufacture including a non-transitory 50 

~omput~r-readable medium, having stored thereon program 
mstruct10ns that, upon execution by a computing device, 
cause the computing device to perform operations compris­
ing: 

obtaining a model of physical characteristics of a tangible 55 

composite laminate, wherein the tangible composite 
laminate comprises at least two plies, and the model 
comprises representations of each respective ply in 
ABD matrix form, wherein the ABD matrix form is 
based on a combination of: an A matrix that character- 60 

izes ~xtensional components of the respective ply, a D 
matnx that characterizes bending components of the 
respective ply, and a B matrix that characterizes bend-

24 
ing and stretching of the respective ply when material 
properties of the respective ply are asymmetrical about 
its mid-plane; 

identifying a virtual material model of one or more plies 
of the tangible composite laminate, wherein the virtual 
material model is associated with characteristics that 
match the ABD matrix form representations of the one 
or more plies of the tangible composite laminate· 

updating the model by replacing the representations ~f the 
one or more plies of the tangible composite laminate 
with the virtual material model; and 

conducting structural analysis of the updated model. 
13. The article of manufacture of claim 12 wherein 

conducting structural analysis of the updated m~del com­
prises performing finite element analysis of the model with 
the representations of the one or more plies replaced by the 
virtual material model. 

14. The article of manufacture of claim 12, wherein the 
operations further comprise: 

determining that results from conducting structural analy­
sis of the updated model are within a threshold value of 
results from conducting structural analysis of the 
model. 

15. A computing device comprising: 
at least one processor; 
memory; and 
program instructions, stored in the memory, that upon 

execution by the at least one processor cause the 
computing device to perform operations comprising: 
obtaining a model of physical characteristics of a 

tangible composite laminate, wherein the tangible 
composite laminate comprises at least two plies, and 
the model comprises representations of each respec­
tive ply in ABD matrix form, wherein the ABD 
matrix form is based on a combination of: an A 
matrix that characterizes extensional components of 
the respective ply, a D matrix that characterizes 
bending components of the respective ply, and a B 
matrix that characterizes bending and stretching of 
the respective ply when material properties of the 
respective ply are asymmetrical about its mid-plane; 

identifying a virtual material model of one or more 
plies of the tangible composite laminate, wherein the 
virtual material model is associated with character­
istics that match the ABD matrix form representa­
tions of the one or more plies of the tangible com­
posite laminate; 

updating the model by replacing the representations of 
the one or more plies of the tangible composite 
laminate with the virtual material model; and 

conducting structural analysis of the updated model. 
16. The computing device of claim 15, wherein conduct­

ing structural analysis of the updated model comprises 
performing finite element analysis of the model with the 
representations of the one or more plies replaced by the 
virtual material model. 

17. The computing device of claim 15, wherein the 
operations further comprise: 

det~rmining that results from conducting structural analy­
sis of the updated model are within a threshold value of 
results from conducting structural analysis of the 
model. 

* * * * * 


