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PATH-MODIFYING CONTROL SYSTEM
MANAGING ROBOT SINGULARITIES

CROSS REFERENCE TO RELATED
APPLICATION

[0001] This application claims the benefit of U.S. provi-
sional application 62/869,244 filed Jul. 1, 2019 of which is
hereby incorporated by reference.

BACKGROUND OF THE INVENTION

[0002] The present invention relates generally to robotic
mechanisms providing for multiple axes of movement
defined by links joined by motor driven joints, and in
particular to a control system for such robotic mechanisms
that can accommodate problems presented by mechanism
singularities.

[0003] Robotic mechanisms (robots) have wide use in
manufacturing applications where a tool held by a robotic
arm is moved along a path at a controlled rate. Such
applications include, for example, welding applications
where a welding bead must be applied to join materials, or
coating application such as painting or the dispensing of
sealants. In such applications, a path describing the motion
of a tool and its orientation is prepared by a programmer or
programming tool. This path must then be converted into
commands to move the various joints of the robot.

[0004] A typical robot arm, for example, might provide for
six axes providing six degrees of freedom. For example, a
robot arm may swivel about a waist joint which supports a
pivoting shoulder joint which in turn supports a pivoting
elbow joint, whiCh attaches to an extension for an arm joint
allowing forearm rotation, in turn attaches to a pivoting and
swiveling wrist joint the latter of which is attached to a tool
such as a paint sprayer, welding gun, or sealant dispenser
fixed to an end link of that robot arm.

[0005] Calculating the position of the tool held by a robot
arm when the relative joint positions are known (the “for-
ward kinematic” problem) is straightforward, making use of
standard trigonometric formulas applied to each joint start-
ing at the joint attached to the robot base, which may be a
movable cart or the like, to successively determine the
absolute locations and orientations of the later joints along
with their intermediate links until the “end” link is reached
(sometimes but not always the last link in a chain of such
links). This information, whiCh describes the state of the
robot position, defines a “kinematic equation”. The kine-
matic equation may be readily expressed in a matrix form
such as the Denavit-Hartenberg (D-H) matrix. That D-H
matrix fully characterizes the translation and orientation of
a link in an articulated mechanism from a reference position.
[0006] Calculation of the joint positions when the only the
desired path of the tool is known and the relative joint
positions are unknown (the “inverse kinematic” problem) is
much more difficult than the forward kinematic problem,
often providing multiple solutions and requiring iterative
techniques. Finding practical solutions to the inverse kine-
matics problem is complicated by the presence of robot
“singularities” which can occur, in one example, when two
different axes of the robot align. This alignment effectively
reduces one degree of freedom of the robot and can cause
extremely high rates of joint movement in the other axes as
those axes absorb the burden of movement. When the
remaining axes cannot move fast enough to accommodate

Jan. 7, 2021

the singularity, smooth motion of the robot tool is disrupted,
a significant problem during welding, painting or other
similar operations where movement along the path must be
precisely controlled. High speeds of the other joints can also
unduly damage the robotic mechanism or stop operation of
the robot when protecting these joints from high speed.
[0007] More generally, a singularity exists at robot joint
angles where the robot degrees of freedom drop because of
redundancy of different patterns of coordinated joint move-
ment. In some robots, a singularity can be said to occur when
one joint axis in the robot and one axis fixed to the end link
become collinear. Singularities associated with joints having
the primary purpose of orienting the tool manipulated by
obot cannot be easily segregated away from a defined
operating range of the robot.

[0008] One method of addressing the problem of singu-
larities is to modify the path to move further away from the
singularity. Such approaches iteratively test whether excess
joint motion occurs and adopt the first path meeting joint
motion limitations without regard to optimality.

[0009] Alternatively, it has been proposed’ to allow the
tool to move through a singularity on the tool path. The
singular position for this purpose is said to occur where the
axis lines of the first and third joints of the robotic wrist
become collinear when these axis lines intersect (for a
spherical wrist) or become parallel in the absence of an
intersection (an offset wrist) by adjusting the other joints
before and after that movement to eliminate excessive joint
velocity. The proper positioning of the joints for this purpose
has not been well established.

SUMMARY OF THE INVENTION

[0010] The present invention provides a robot-mechanism
controller that identifies portions of a path that will produce
excessive joint motion because of the singularity and pro-
duces a modified path according to a minimization of change
in orientation of the tool manipulated by the robot while
preserving tool path and velocity of a designated reference
point along the axis line of the tool (for example, but not
limited to, a contact point between a tool held by the robot
and the workpiece)

[0011] A solution for the inverse kinematics of the robot
giving its joint angles while accommodating change to tool
orientation is provided by solving a model of the robotic
manipulator as a closed chain of links connected by joints (a
closed kinematic chain) with the addition of a virtual three-
axis wrist element, followed by addition of a final virtual
joint element describing the intended position of the tool
reference point and orientation in relation to the base of the
robot.

[0012] For example, to conduct the inverse-kinematic
calculations on a path adjusted to avoid excessive joint rates,
a 6-joint robot would be embedded within a 9-joint closed-
loop kinematic chain. The initial joint of the 3-joint virtual
wrist shares the same axis line as the final joint of the robot,
and both are treated as joint 6. Part of the proposed method
is how to separate the angle on the combined joint 6 into the
portion in the physical robot that needs to be actuated and
the remaining portion that appears only on the virtual joint
6. Hence the 3-axis virtual wrist introduces only two new
axis lines, 7 and 8. Finally, articulation about virtual axis line
9 constitutes a model representing the intended position__
and orientation of the tool manipulated by the robot.
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[0013] In one embodiment, the proposed method controls
the robot joints so the actual tool position meets the intended
position exactly, and the actual tool orientation meets the
intended orientation approximately.

[0014] Subject to limits on the velocity and acceleration of
articulation of a joint in the robot, the method may also
optimize the amount the tool deviates from its intended
orientation along with the length of the path interval over
which such orientational deviation occurs.

[0015] Specifically, in one embodiment, the invention
provides a robot control system for a multi-axis robot having
multiple links including an end link defining a tool position,
the links movable with respect to each other at joints
defining axes and having sensors and actuators for move-
ment of the joints about the axes by the actuators according
to the sensors subject to joint movement rate limits, the
joints and links configured so as to present at least one
singularity. The controller includes an electronic circuit
communicating with the actuators and sensors at each joint
and executing a stored program to: (a) receive path instruc-
tions defining a path of desired changes in tool orientation
along with desired velocity of the tool position;

(b) identifying at least one unmodified path portion proxi-
mate to the singularity exceeding at least one joint move-
ment rate limit at the desired positional velocity; and

(c) identifying a modified path portion providing the desired
velocity with resulting tool position without exceeding any
joint movement rate limits according to a minimization of a
maximum deviation of a tool orientation of the modified
path portion from the desired tool orientation.

[0016] Itis thus a feature of at least one embodiment of the
invention to provide modifications of a robot path that
mitigates the effects of singularities while also minimizing
tool deviation. While other techniques for avoiding the
problems of singularities exist, they cannot provide any
assurance about minimizing changes in tool orientation
which may be important in applications such as welding,
coating and the like.

[0017] The modified path may not intersect the singularity
or may intersects the singularity.

[0018] The present inventor has recognized that there is a
class of “actual singularities”, for example in a spherical rest
when the first and third axes become collinear, but only a
“notional” singularity, in an offset wrist when the first and
third axes become parallel. This latter singularity is termed
“notional” because the condition of joint rates becoming
excessive may occur close to but not at this “notional”
singularity. As used herein, “singularity” will refer to both
actual and notional singularities.

[0019] Itis thus a feature of at least one embodiment of the
invention to provide a generous solution set that includes
both paths that avoid and confront the singularity for the
purpose of finding minimum tool deviation.

[0020] The controller may receive path instructions
describing at least one region where path rerouting is
prohibited and step (c¢) may identify the modified path
portion to minimize the deviation among alternative
unmodified paths not including the at least one region.
[0021] Itis thus a feature of at least one embodiment of the
invention to provide a versatile rerouting system that can
accommodate application-specific limitations to robot
motion that may occur for example when there is interfering
structure or the like.
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[0022] Step (c) may further identify a modified path
portion according to a minimization of a length of the
modified path portion.

[0023] Itis thus a feature of at least one embodiment of the
invention to minimize the length of the modified path and
thus the disruption to the manufacturing process imple-
mented by the robot.

[0024] Step (c) may further identifies a modified path
portion that limits joint maximum velocity or acceleration
among joints of the multi-axis robot to a predetermined
value.

[0025] Itis thus a feature of at least one embodiment of the
invention to allow improvement of the velocity or accelera-
tion profiles beyond those defined by the limits of joint
motion.

[0026] Step (c) may further identify a modified path
portion according to a predetermined. upper limit of a length
of the modified path portion.

[0027] Itis thus a feature of at least one embodiment of the
invention to allow the programmer to control the modifica-
tion process to limited sections

[0028] Step (c) may model the robot as a closed kinematic
system consisting of a base comprising a first link in that
system supporting a first joint of the robot, through the joints
of the robot then through a three axis virtual wrist sharing
one axis with a final axis of the robot and then through a
virtual joint connecting to a link on the path that is rigidly
connected to the first link.

[0029] Itis thus a feature of at least one embodiment of the
invention to provide an improved method of managing joint
singularities through the introduction of a virtual wrist into
the closed kinematic model.

[0030] The virtual three axis wrist may be constrained so
that a first and third joint of the three axis wrist are
constrained to move by equal and opposite angles. Alterna-
tively or in addition, the virtual three axis wrist may be
constrained so that a second joint is perpendicular to a
second joint in the robot wrist comprising the final three
joints of the robot.

[0031] Itis thus a feature of at least one embodiment of the
invention to allow the wrist to accurately account for tool
deviation thereby allowing optimization.

[0032] These particular objects and advantages may apply
to only some embodiments falling within the claims and thus
do not define the scope of the invention.

BRIEF DESCRIPTION OF THE DRAWINGS

[0033] FIG. 11is a perspective view of a six axis robot arm
suitable for use with the present invention showing the
various axes links and orientations for moving the tool along
a path and a controller for controlling the same;

[0034] FIG. 2 is a fragmentary detail of the final three axes
of the robot arm of FIG. 1 comprising a wrist and showing
the wrist in a singularity with two wrist joints code linear;
[0035] FIG. 3 is a flowchart of a program executable by
the controller to control the robot arm to follow the path in
the vicinity of the singularity; and

[0036] FIG. 4 a simplified representation of the tool path
and the path of the end link of the robot arm in a path moving
near a singularity and into alternative paths provided by the
present invention;

[0037] FIG. 5 is a figure similar to FIG. 1 showing the
addition of virtual joints used for the inverse kinematic
processing of the present invention;
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[0038] FIG. 6 shows in its upper portion a non-singular
wrist and in its bottom portion a singularity-avoidance wrist;
[0039] FIG. 7 shows an anthropomorphic arm with sin-
gularity-avoidance wrist in the reference singular posture;
[0040] FIG. 8 shows a singularity locating maneuver in
the coordinates of the robot base the tool rotates clockwise
about the axis tipped in the amount of the tool deflection
marked by rotation center point RCP and rotation axis
direction vector;

[0041] FIG. 9 shows a singularity locating maneuver in
wrist-local coordinates;

[0042] FIG. 10 shows a singularity locating maneuver
from FIG. 9 in 2D stereographic projection;

[0043] FIG. 11 shows a direct path to the wrist singularity
where joint 4 (forearm rotation) varies and joint 7 (tool
deviation) is fixed at zero and reproduces the dashed line
from FIG. 10 where joint 4 is fixed and joint 7 varies;
[0044] FIG. 12 shows a robot having an offset between
joints 4 and 6 in the wrist along the axis of joint 5;

[0045] FIG. 13 shows a robot of FIG. 12 with zero wrist
offset at 2' tool deflection;

[0046] FIG. 14 shows a robot of FIG. 12 with wrist offset
restored to 0.17 m at 2' tool deflection;

[0047] FIG. 15 shows stereographic maps of wrist articu-
lation for the robot of FIG. 12 showing optimal through-
the-singularity (FIG. 15a) and around-the-singularity
maneuvers (FIG. 155) satistying joint rate and acceleration
limits for a spherical wrist (zero offset) and a wrist with
0.170 m offset;

[0048] FIG. 16 shows the robot of FIG. 12 at -2° tool
deflection, where both branches of the actual path pass
through the region of singularity encounter;

[0049] FIG. 17 shows the robot of FIG. 12 at 2' tool
deflection, where the actual path has two isolated path-
reversal segments near singularity encounter;

[0050] FIG. 18 shows the robot of FIG. 12 at 6.207° tool
deflection showing second path optimization after the first
optimization reaches its limit;

[0051] FIG. 19 shows the robot of FIG. 12 at 6.207° tool
deflection showing tool deviation 8, varying with tool tra-
versal 0,;

[0052] FIG. 20 shows the robot of FIG. 12 at 12.28' tool
deflection, acceleration limit 500 rad/s?, where two through
branches of the actual path exhibit a bifurcation away from
the inflection on the principal branch;

[0053] FIG. 21 shows the robot with an alternative wrist
offset where the axis of joint 6 is offset from the axis of joint
4 in a direction perpendicular to the axis of joint 5; and
[0054] FIG. 22 shows cases of quadratic fimctions (dashed
lines) and their lower-bound polynomials (solid lines).

DETAILED DESCRIPTION OF THE
PREFERRED EMBODIMENT

Discussion of Robot and Controller Hardware

[0055] Referring now to FIG. 1, a robot system 10 may
include robot arm 12 operated by a controller 14 to move a
tool 16 along a defined path 18 and at a controlled trajectory
with a particular tool angle with respect to that path 18.

[0056] In one example, the robot ann 12 may provide for
six axes or 6 degrees of freedom implemented by a set of six
joints including a first joint 20 positioned between a station-
ary base 22, for example, attached to the floor and a first
vertical link 21 and providing rotation about a vertical first

Jan. 7, 2021

axis 23 generally aligned along the extent of the vertical link
21. The first link 21 in turn attaches to a second link 24
through rotative joint 26 having a horizontal second axis 28.
[0057] The second link 24 in turn connects to third rotative
joint 29 communicating between the second link 24 and a
third link 30 and movable about a third axis 32 parallel to
second axis 28. The third link 30 attaches to a fourth rotative
joint 33 rotatable about a fourth axis 34 generally along the
extent of the third link 30 and perpendicular to the third axis
32 and communicating with a fourth link 36. The fourth link
36 attaches to a fifth rotative joint 38 connecting the fourth
link 36 to a fifth link 44, the fifth rotative joint 38 rotating
about a fifth axis 42. The fifth link 44 communicates through
a sixth joint 50 with an end link 52 holding the tool 16. The
sixth joint 50 rotates about an axis 54 extending generally
along the extent of the sixth link 44 and end link 52 and
perpendicular to axis 42.

[0058] Each of the joints 20, 26, 29, 33, 38 and 50 are
associated with an actuator 60, for example, an electric
motor that may turn the portions of the respective joint with
respect to each other and a sensor 62 that may measure the
relative angle between the portions of that joint as moved by
the electric actuator 60. The electric actuator 60 and sensor
62 for each joint may communicate with a controller 66, for
example, providing a computer processor 68 communicating
with electronic memory 70 and providing analog-to-digital
and digital to analog converters (not shown) for receiving
and providing signals to the sensor 62 and actuator 60 for
control of the robot arm 12.

[0059] The controller 66 may provide for an input device
71 such as a keyboard, disk drive, or network connection for
receiving information and may provide for output informa-
tion for example on the screen 72 or the like. The memory
70 may hold an operating program 74 as will be described
and a path file 76 describing a desired path 18 as well as
standard controller software (not shown) known in the art
for feedback control, for example, providing for propor-
tional/integral/derivative control loops and the like.

[0060] Referring now to FIG. 2, when axes 34 and 54 are
aligned as shown, the freedom of motion of the wrist 60 of
the robot (comprising axes 34, 42, and 52) as measured at a
reference point 64 on the link 52 is instantaneously limited
to motion only about axis 42 of depicted arc 63. This sudden
loss of degrees of freedom is characteristic of a singularity
84 where the wrist is unable to implement motion perpen-
dicular to the tangent of arc 63. As depicted in FIG. 2, the
tool—extending from the axis of the 6* robot joint, 3" wrist
joint labeled 50—loses this degree of orientational freedom
when axes 34 and 54 are aligned, resulting in the singular
posture labeled 84. This limitation of motion can require
excessive rates (velocities) in other joints attempting to
compensate for this singularity When following a path in
both desired orientation changes and positional velocity,
such excessive joint velocities producing either excessive
wear in those joints or if limited by features of the robot 12
(e.g. joint rate limiters or inherent physical limitations), can
prevent manipulating the tool 16 along the desired path 18.
[0061] Referring now also to FIGS. 3 and 4, the controller
66 executing the program 74 may, as indicated by process
block 76, receive path instructions defining a desired path 18
as shown in FIG. 1 and FIG. 4. Portions of path 18 in FIG.
4 have the different depictions 78, 91, 79 and 80 owing to the
effects of differing amounts and orientations of tool-devia-
tion arcs 88, 90 and 89 on the stereographic-map represen-
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tation of orientation in FIG. 4 and not any differences in path
18. As will be understood, the tooltip 64 desirably follows
the path 18 having tool orientation changes along with tool
positional velocities 67 defined by the received path instruc-
tions. During this time the end link 52 may follow an
actuator path such as 87 displaced from the desired tool path,
18, for example at the reference point 63 on actuator path 87
that is displaced by segment 90 depicting a deviation from
the desired orientation on 79 representing desired path 18 on
that portion of the map projection.

[0062] As indicated by process block 81, in this example,
the program 74 may identify a region 82 of the path 78,
where the actuated path matches the desired path in both
orientational change and positional velocity, that will result
in excessive joint motion as a result of its proximity to a
singularity 84 representing the alignment of axes 34 and 54.
Note that the singularity 84 being defined by the wrist angles
of the wrist which moves in space may occur at various
absolute locations within the reach of the robot 10.

[0063] At process block 83, and as will be discussed in
greater detail below, the program 74 evaluates alternative
actuator paths, for example, actuator paths 86, 87 and 85 that
all allow the tooltip 64 to maintain the desired positional
velocity 67 but deviate in angles depicted by 88, 90 and 89
that initially may be sub optimal, from the desired orienta-
tional paths 91, 79 and 80. Importantly, at process block 83,
the program 74 identifies these alternative paths 86, 87 and
85 to minimize a maximum deviation of the type represented
by 88, 90 or 89 in the region 82.

[0064] At succeeding process block 92, program 74 may
correct the paths that minimize maximum deviation 88, 90
or 89 to meet achievable limits on joint axis angular velocity
(joint rate) and/or acceleration of joints in the robot. The
resulting path length will be the least amount meeting a
designated limit on rate and acceleration within the achiev-
able range, where the designated limit may also be based on
input from the user.

[0065] As indicated by process block 94, optimized paths
86, 87 and 85 may then be compared against excluded zones,
for example, indicating regions where there will be physical
interference between the tool 16 and other structure sur-
rounding the robot 12. Paths among 86, 87 or 85 within that
excluded zone are excluded. The result is a set of modified
path instructions incorporating, for example, depicted path
86 that minimizes each of tool deviation 88, path length, and
path joint velocity and acceleration, as indicated by process
block 96.

[0066] Per process block 98 a qualified, alternative modi-
fied path is then used instead of path 78 in the region 82.
Note generally that paths 87 may pass through the singu-
larity, which may in fact result in the least deviation 90 under
certain situations.

[0067] Referring now to FIG. 5, the determination of paths
86, 87 and 85 optimized with respect to joint velocity and
acceleration and path length are performed by creating a
closed kinematic model of the robot arm 12 for example as
shown in FIG. 1 but including a virtual wrist 100 and loop
closing joint 102. The virtual wrist 100 shares a first joint
axis with the robot 12 so that link 52 attaches to a virtual
rotary joint 106 having an axis 108 collinear with the axis 54
of joint 50. This joint 106 connects link 52 to virtual link 110
which in turn connects to virtual rotary joint 114 having an
axis 116. Link 124 in turn connects joint 114 to rotary joint
112. Joint 112 in turn connects to a virtual link 120 which
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communicates with virtual joint 102 between link 120 and
link 122 providing a closed kinematic loop returning to a
position stationary with respect to the base 22.

Detailed Discussion of Evaluation Controller Software

[0068] A 6-axis robot having a spherical roll-pitch-roll
wrist allows as much as =145 deg * pointing deflection from
the major axis of the forearm. This dexterity comes at the
cost of a wrist singularity at the center of that pointing cone.
Commanding a constant-rate sweep of the final wrist axis
through near alignment with the initial wrist axis can exceed
hardware limits on joint rates, a concern in seam welding,
coating application or other tasks requiring continuous
motion. This problem occurs even in a 5-axis robot® when an
axisymmetric tool eliminates the need for the last roll axis.
The robot arm singularities can be avoided by staying away
from the overhead position and inside the usable envelope of
the arm®. The wrist singularity merits special consideration
because it can occur anywhere inside that workspace.
[0069] To free the workspace, the pitch-yaw-roll wrist
places its 180-deg separated pair of wrist singularities along
the equator to the major forearm axis®. Mechanical interfer-
ences will limit the pointing cone to less than the full
hemisphere. Non-singular 2-axis wrists coordinate articula-
tion of a series pair of universal joints®°. Interferences limit
one such wrist to a hemisphere® whereas two others are
limited to a pointing cone of +100 deg®® perhaps explaining
the absence of these wrists in commercial painting robots®
10. Another 2-axis pointer makes the tool oblique to the final
axis in a redundant roll-pitch-roll wrist; its pointing cone is
also less than a hemisphere'!. The reduced pointing range of
these alternatives motivates methods for tolerating the wrist
singularity of existing robots.

[0070] The wrist singularity also marks a bifurcation
between displacement paths, one where the wrist pitch angle
(on what is joint 5 of the robot) passes through zero and
another where this deflection stays zero and the wrist spins
about the aligned axes of roll joints 4 and 6. Low-order path
following methods are reported to stay on one of these two
paths if that path happens to pass directly through the
singularity'?. Such is subject to the restriction of starting a
tracking step some distance before the path bifurcation and
taking a long enough step to emerge on the other side'*. A
path intended to pass directly through the singularity, how-
ever, may pass nearby owing to numerical approximation. A
path passing near the singularity poses special challenges,
even during the path planning phase where physical rate
limits do not apply, as a path-following method can jump
paths at the sudden onset of high joint rates'*.

[0071] Huang et al.'® classifies singularity avoidance into
1) regularization of the robot Jacobian matrix' %2, 2) use of
kinematic redundancy to replace degrees-of-freedom that
lose effectiveness™>'-**> and 3) interpolation of joint angles
between inverse-kinematic solutions on each side of the
singularity. Regularization methods'®'%2% produce devia-
tions in both the tool position and orientation near the
singularity. Modifications have been proposed to control
those errors'®?72%, Whereas redundant actuation removes
singularities specific to parallel robots®>’, a serial robot
already actuates all joints,

[0072] Motivated by seam welding, Huang and Milenk-
ovic®®?! | Aboaf and Paul’?, and Cheng et al.' enforce
positioning of the tool contact with the work surface while
tolerating deviation in the tool orientation resulting from
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limited joint rates. In obtaining redundant degrees of free-
dom by allowing the tool to deviate in orientation, these
methods are in class 2 of Ref'”. Reference' avoids high joint
rates by passing through the singularity instead of stewing
the wrist joint nearly 180 deg when passing close by. This
method interpolates one joint angle and corrects two others,
placing it in class 3.

[0073] The Preferred Embodiment plans and executes a
through-the-singularity maneuver that 1) limits joint rates,
2) tolerates a deviation in tool orientation, 3) enforces the
required tool position at the work surface along a continuous
curve and 4) meets these conditions without slowing the tool
traversal. Its improvements over the prior methods with
these capabilities'*%-3? are 1) achieving the least-maximum
deviation in tool orientation (the smallest value of the peak
magnitude occurring along the maneuver) and 2) also lim-
iting joint acceleration. Besides its theoretical significance,
global optimality supplies a benchmark to quantify perfor-
mance loss resulting from the kinematic approximations
made in the prior methods. This optimality is achieved by
extending the robot wrist with a 3-joint virtual wrist. New
procedures incorporate control of the resulting redundancy
into a rapid, high-order kinematic power-series expan-
sion*>—see Appendix A. This expansion allows a small
number of displacement steps to 1) locate the wrist singu-
larity, 2) articulate the wrist to joint angles at that location
giving an optimal path, 3) follow that path back to a
zero-deviation starting point meeting rate and acceleration
limits on a key wrist joint and 4) execute the through-the-
singularity maneuver in its forward direction.

Robot with Singularity Avoidance Wrist

[0074] FIG. 6 contrasts two solutions to the singularity
problem. A non-singular wrist® splits a pointing deflection
into two smaller deflections of equal magnitude on back-to-
back pitch-yaw pointers (joints 6 and 5, 7 and 8). The
smaller deflections are within the non-singular working
space of each pointer. The pointers are coordinated by a
path-independent mechanical constraint,

[0075] In the Preferred Embodiment, a singularity avoid-
ance wrist consists of back-to-back roll-pitch-roll wrists. A
physical wrist and a virtual wrist are initially rolled 90 deg
with respect to each other. Neighboring physical and virtual
joints, however, share the same axis and are merged into
joint 6 in FIG. 6. The physical wrist is singular in FIG. 6
where joints 4 and 6 are inline. The center of the virtual wrist
is placed at the tool contact point with the work surface.
Even with the physical wrist center point offset from this
location, articulating the virtual wrist maintains that contact
point. As shown in FIG. 6, virtual joint 7 supplies the
missing mobility along an axis perpendicular to joints 4 and
5. One kinematic solution locks joint 6 and limits the rate of
joint 4, leaving joints 5, 7 and 8 as a non-redundant wrist of
fill mobility. To keep the tool deviation angle within an
acceptable range, articulating the physical wrist should
produce the bulk of any orientation change with the virtual
wrist supplying a small adjustment. A satisfactory solution
will depend on the placement and rate of traversal of a
displacement path in proximity to the singularity.

[0076] Other singularity avoidance wrists add only one
virtual®* or physical joint>>. The wrist with an extra physical
joint can achieve zero tool deviation in both orientation and
contact position. Both wrists lack a path-independent rule
for coordinating their redundant joint. As a consequence, the
physical joint cannot be passively actuated with a mechani-
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cal constraint as afforded by symmetry of the non-singular
wrist. The virtual joint of Ref>* is in a physical wrist offset
from the work piece. Tool deviations in both orientation and
contact position occur when this joint is removed during
robot operation.

[0077] Prior methods enforce tool position without
joints bridging the robot tool to its target position and
orientation. Apart from Ref>2, a two-stage iteration at each
path point was deemed necessary to obtain a kinematic
solution under these conditions. The first stage adjusts the
physical wrist to meet a constraint on the tool deviation
angle. The second stage adjusts the robot arm to correct the
resulting position error. The angle error introduced by the
second stage is corrected in the next iteration. This proce-
dure lacks the fast convergence of Newton’s method, but its
speed and reliability were judged acceptable for offline path
planning®. The method of Aboaf and Paul** applies match-
ing rotational transformations to the “Cartesian rates” (com-
bined angular and translational velocity vector) X and the
robot Jacobian J (see Eq. (1) of Ref?). These terms are
expressed at the tool contact with the work surface. The two
rotations align the desired tool deviation axis with a canoni-
cal axis direction corresponding to a row of J This row is
removed after a rate limit applied to joint 4 in the physical
wrist eliminates a column of J. This work is widely cited for
eliminating the degeneracy of a nearly singular Jacobian'*
18,19,28,34. It also implements a kinematic path predictor
tracking the tool position. The tool deviation is represented
implicitly by the uncorrected rotation along the missing
canonical axis. The uniqueness of this capability among
singularity avoidance methods is perhaps not as well known.
[0078] In what follows, coordinated displacements of the
initial and final roll joints in the virtual wrist align the axis
of the tool deviation. The displacement of the central pitch
angle in the virtual wrist will be shown to represent the tool
deviation itself. Predictor-corrector path tracking is applied
to a serial robot with the avoidance wrist. This explicit
representation of the path deviation separates the accumu-
lated tool deviation, which the corrector should retain, from
series truncation error or calibration differences between the
model and the robot, which the corrector should remove. An
accurate high-order predictor of the current step combined
with a corrector of the preceding step®®*” will allow rapid
calculation of large displacement steps.

[0079] FIG. 7 shows the singularity avoidance wrist
attached to an anthropomorphic robot arm. All joint angles
are designated to be at zero in this reference posture. In this
particular example, a 1 m offset separates joints 2 and 3 as
well as joints 3 and 5. The offset between joints 5 and 7, the
separation between the wrist center point WCP and the
center of the virtual wrist at the tool contact point TCP, is 0.2
m. Rotating the tool about virtual joint 9 is the motion to be
generated by actuating joints in the robot. The axis of this
joint passes through the rotation center point (RCP). The
offset between joints 1 and 9 is 1.5 m.

[0080] The tool deviation is the change in body orientation
resulting from articulation of the virtual wrist connecting the
actual tool attached to physical joint 6 to its intended posture
on the link attached to joint 9. Because the joints of the
virtual wrist intersect at the TCP, articulation of this wrist
varies the tool deviation without disturbing the position of
the TCP.

[0081] Angle 6, gives the rotation about joint 7 that
redirects the axis of joint 6 to align with that of joint 8. The

1,30-32
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links in the virtual wrist hold unit axis direction vector w, of
this rotation perpendicular to the plane containing wg and
wg, Which also makes wg4 trace a great-circle are on the
surface of the unit sphere where this plane intersect its
equator. Given this relative alignment of those axes, the
following establishes the conjugate angle condition 0,=-0
under which 0 is the least angle in an angle-axis represen-
tation of the tool deviation.

[0082] Lemmal: When y=R,,(0)x represents rotation by
angle 0 about axis o by the 3x3 matrix R,(0), RR, ()R
represents rotation by 6 about rotated axis Rw.

[0083] Proof: For =Ry , =RR_(0)x=RR,(0)R“Rx-RR,
(0)R”X. The rotation transformation X=Rx preserves lengths
and angles because inner product ¥ %=%’R’R%—x"x. Hence
¥=Ry is X=Rx rotated by the same angle 6 about axis Rw.[]
[0084] Theorem 1: Unit vectors r, and 1, select points on
the unit sphere. Apart from r,==r, constituting the same or
diametrically opposed points on the sphere, the unique
great-circle are between these points gives the path length on
that sphere connecting those two pointing directions.
[0085] Proof: Axis w, is perpendicular to the plane con-
taining r; and r; @, points to the side of the plane where its
right-hand rotation of r, by 0<6<180 deg gives r, Vector
I, rotates about , to trace its equator. Both ¥; and r=R
I, trace continuous paths connecting r, and r,. Holding R
constant, the Lemma establishes r to trace a great-circle arc

of length d &, when ¥, traces the same arc length along the
equator. Next, R may be varied in a way that r traces an arc

of length do that is perpendicular to the d &, arc. A segment
of'the path traced by r may be represented by an arc forming

the diagonal to a spherical right triangle with sides d €. and
do. This arc has d¥=d#,. The path lengths of r and £,

therefore satisfy X=#,20, with #,=0 when ¥, does not
reverse direction. Hence any path departing from the r, r,
plane has cumulative instantaneous rotation angle 2>0; =0
occurs along a great-circle path, establishing the well-known
minimum arc length between points on a sphere.[]

[0086] Theorem 2. For W the cumulative rotation angle
about instantaneous axis w,, generating a path on the unit
sphere connecting the end points, 2 the length of that path
and 0 the arc length of the great circle traced by rotation by
that angle about fixed axis ® giving 2=60, it follows that
W=3=>0, with =6 achieved for constant m,=w.

[0087] Proof. Unit vector r rotated about instantaneous
axis o, with angle ¢ between r and o, traces a circle of
radius sin ¢. The length of segment dZ traced on the surface
of the unit sphere is bounded by ||dZ|-Isin ¢||d¥I<IdPI,
establishing the inequality after integrating angle and path
length 2.[]

[0088] Theorem 3: Displacing a roll-pitch-roll wrist by
joint angles 6., and imposing the condition of conjugate
joint angles 0,=-0, the minimum rotational displacement 0
about an axis direction o between the pair of rigid bodies
connected by the 3-axis virtual wrist is achieved by 6-0, and
W=0,.

[0089] Proof: For a great-circle arc traced by rotation R,
the Lemma establishes that R,R,R, traces an arc of the
same length. Theorems 1 and 2 establish this arc length to
give the minimum rotation angle connecting the pointing
directions at the ends of the arc. This in turn gives the
minimum angle in the angle-axis representation the change
in body orientation achieving the required change in point-
ing direction.[]

Jan. 7, 2021

[0090] Upon dividing joint 6 into actual and virtual angles
according 0,=0,,+0, actuating the physical wrist with
angle 0,,=0,-0,,=0,+05 maintains conjugate virtual angles
04,7=04. The deviation in tool orientation is 0. therefore
quantified by the single scalar value 0,. Adjusting the
combined actual and virtual angle O directs the sweep of
joint 7 to change 6. In this manner, using three virtual joints
simplifies control of the tool deviation at each point along a
displacement path to a single-input single-output system. In
a 5-axis robot -0, ;- gives the amount of uncorrected tool roll
along the missing axis of joint 6. When such a 5-axis robot
directs an axisynimetric tool, this additional tool deviation
may be safely disregarded. Such also establishes that under
the conjugate-angle condition, the virtual wrist produces a
pure change in pointing direction of the tool without adding
any roll. Any required roll to bridge the pointing direction
generated by joints 4 and 5 in the physical wrist to the full
3-axis body orientation of the link attached to joint 9 is
supplied by physical joint 6.

Wrist Singularity Locating Maneuver

[0091] The first step in planning the singularity avoidance
maneuver places the wrist at its singular posture. Articula-
tion of the compound wrist accomplishing this is illustrated
by the singularity locating maneuver depicted in FIGS. 8 and
9. Table 1 describes the joints involved and matches them to
the spherical triangle labels in FIG. 10.

[0092] Placing the robot along a path passing nearby the
singularity supplies a starting point for demonstrating this
maneuver. FIG. 7 shows the robot at the wrist singularity. To
allow a path-following algorithm>® to move the robot away
from the singularity to reach this location, robot wrist joints
4 and 6 are locked. Joint-axis direction vector w, is aligned
with the x-axis and joint 9 is displaced by “tool deflection”
8 deg, forming a 7-joint closed kinematic loop with one
degree-of-freedom (dof) that includes virtual joints 7 and 8.
Axis direction w, is realigned with the z-axis, both it and the
tool rotation plane are tipped 8 deg about an axis of rotation
parallel to the x-axis, and joint 9 is displaced -40 deg . After
unlocking joint 4 and locking joint 9, the tool deviation
angle on joint 7 is declined to zero. The resulting 8-deg
inclination of the axis of joint 9 seen in FIG. 8 gives the
desired placement of the reference path.

[0093] From such a starting point, the locating maneuver
brings the wrist to its singular position by declining the angle
of joint 5 to zero. Departing the condition where the tool
follows both its intended position and orientation with joint
1, 2, 3, 7, 8 and 9 held passive, this is done with joint 4
locked while employing the methods of Appendix A to guide
joint 6 to maintain joint 7 at the minimum angle 6, express-
ing the tool deviation in orientation. FIG. 8 depicts the wrist
at the end of the robot arm. The initial and final postures of
this maneuver are seen in relation to a coordinate frame
referenced to the robot base. FIG. 9 switches to a local
orientational frame referenced to the robot forearm, which
reverses the apparent direction of the motion. The top
drawing in FIG. 9 shows the sweep of pointing direction
resulting from articulating joint 5 in the physical wrist; this
is the singularity locating maneuver. The bottom shows
sweeps of joint 7 in the virtual wrist with joints 4-6 held
constant, which after each of three tracking steps are mini-
mum displacements from the reference path passing near the
singularity. Understanding how this procedure allows dis-
placing the robot in close proximity to its singularity will be
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aided by the following visualization of wrist articulation and
accompanying proofs in spherical geometry.

TABLE 1

Joint number and spherica triangle label-joints 1-3
are in the robot arm

Joint Triangle
Joint description: number label
Forearm roll 4 A
Wrist deflection 5 c
Second wrist roll 6 B
Tool deviation 7 a
Tool azimuth 8 C
Tool displacement 9 b

Stereographic Projection of the Spherical Indicatrix.

[0094] The spherical indicatrix is a kinematic chain having
joint axes in the same orientations as its parent spatial chain.
These axes also intersect at a common point®**°. Closure of
the indicatrix is hence a necessary condition for closure of
that linkage. It is also useful for visualizing orientational
displacements in a spatial linkage. The intersection of a
revolute axis with the sphere surface—a rotation pole—is
one representation of a joint in the plot of the indicatrix. A
second representation sweeps a pointing direction along the
rotation equator as the joint angle varies. The rotation pole
and equatorial sweep for joint 5 (wrist deflection from the
singular position) and joint 7 (tool deviation from orienta-
tion on the reference path) are seen in the top and bottom
portions of FIG. 9, respectively.

[0095] When the joint poles are plotted as points on the
sphere surface, connecting a pair of joints with a 90-deg link
separates them by a 90-deg arc along a great circle. This
means the equator of that second joint passes through the
pole of the first joint, and the 90-deg connecting link is
implied. A spherical dyad—Ilinks articulated by a pair of
joints in series—is in this way represented by a great-circle
arc for the second joint emanating from the pole for the first
joint. The joint 6-7 dyad corresponds to the vertical arcs in
the bottom drawing of FIG. 9; articulating joint 6 changes
the direction of the arc swept by joint 7. These successive
arcs depart from locations of the pole of joint 6 along the
joint 5 sweep. Each such point is at the end of a path-
following step that declines 0. The last and longest of these
arcs labeled “0, sweep” occurs at the end of the step
reaching the singularity where 6 is zero

[0096] Snyder* gives form las for alternative 2D projec-
tions of plots on the surface of a sphere as in FIG. 9. Of the
projections to a tangent plane, the gnomonic projection
draws rays from the center of the sphere through points on
the sphere surface to that plane, mapping a hemisphere.
Calling the closest point to the tangent plane the North Pole,
the stereographic projection draws these rays from the South
Pole. Mapping the entire sphere in this way places the South
Pole at infinity. Note that what Ref. [8] calls the stereo-
graphic projection is properly the gnomonic projection by
these definitions. The gnomonic projection plots all great
circles as lines, but it doesn’t preserve angles. The stereo-
graphic projection preserves angles, but only meridians
through the poles are plotted as lines. Arcs on other great
circles map to shallow curves.
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[0097] FIG. 10 is inspired by prior use of a 2D map to gain
insight into the articulation of a wrist near its singularity>°:
31. The stereographic projection is used in the current work
to depict angles accurately. A minimum tool deviation will
be represented by a joint sweep at a right angle to another
sweep. Right spherical triangles will also establish how the
singularity locating maneuver not only avoids a sudden
onset of rapid joint rates but keeps those rates nearly
constant.

[0098] The top plot in FIG. 10 shows the entire locating
maneuver in relation to its accompanying reference path.
Note how it unwraps the bottom plot in FIG. 9. The middle
and bottom plots in FIG. 10 magnify the initial and final
steps. The axis of, oint 4 is coincident with the major
forearm axis. Its pole is the North Pole in a stereographic
projection. With the angle of joint 4 held constant in the
locating maneuver, the sweep of joint 5 is along a meridian
circle that indeed maps to a straight line. The sweeps of joint
7 showing deviations from the reference path are along
non-meridian great circles, seen as shallow curves.

[0099] The sweep of joint 9 represents the reference tool
orientational displacement, from which the tool deviates.
Treating the movable forearm as the initial link in a kine-
matic loop, the axis of, oint 8 is connected through joint 9
back to the forearm through joints 1-3 of the robot arm. As
the curve traced by the pole of joint 8 results from the
actuation of multiple revolute joints, it is not on a great circle
and shows a more pronounced curve. With joint 5 fixed and
joint 6 allowed to vary, the sweep of joint 9 will trace a
modified curve. As a consequence of the translational offsets
between joints in a spatial kinematic chain, this curve
depicting a virtual displacement differs slightly from the
actual displacement where angle 05 of joint 5 varies. The
modified curve is at a right angle to the sweep of joint 7,
meeting the geometric condition for a minimum angle of
joint 7 at each location along the singularity locating maneu-
ver.

Orienting the Tool Deviation Arc.

[0100] Minimum 6, is therefore to be achieved and main-
tained everywhere along the singularity locating maneuver
by setting and maintaining joint rate C,-=0 in the virtual
displacement where 85 is held fixed, Such a virtual displace-
ment occurs along a continuous set of points. These points
are along the actual displacement path declining deflection
angle 05 to zero in the physical wrist. The guided virtual
displacement method (Appendix A) conducts a power series
expansion for the actual displacement path subject to the
side condition C,-=0, Which is to be achieved and main-
tained along the actual displacement path.

[0101] In the limiting case of zero tool and task transla-
tional offsets, maintaining minimum 6, establishes right
spherical triangles for the steps along a displacement path.
Dihedral angle A is constant for joint 4 locked. In this case
Where points WCP, TCP, and RCP from FIG. 7 are coinci-
dent, side b is the great-circle sweep of the programmed tool
motion. Tool deviation a is at a minimum when azimuth C
is fixed at 90 deg, and B is solvable from formulas for
spherical right triangles*>. For a reference path near the
singularity where a stays small, and hence B varies by a
small amount, the formulas confirm a, b, and ¢ remain in
nearly fixed proportions. Such modest variations in the joint
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rates allow large path steps, even when the singularity is
close to the reference path or reference-path distance b is
small.

[0102] This contrasts with the unmodified kinematic path
in FIG. 11 used by Huang and 114ilenkovic to locate the
singularity®®*. Note that the path traced by the pole of joint
6 departs a small amount from the comparison trace of joint
8 taken from FIG. 10. This is the consequence of links
introducing translational offsets in the connection back to
the forearm reference frame. A path-following kinematic
solution suffers from the onset of large changes in 0, for
small steps in tool displacement 6, which become extreme
as the path distance to the singularity approaches but does
not reach zero. The virtual wrist becomes singular when
0.,=0, allowing a finite displacement of 0, without changing
0,. Selecting an alternative virtual displacement at or near
this singularity addresses this concern.

[0103] Theorem 4: For fixed angles 0, and 65 where
04,#Wg, a zero virtual displacement of 6., with respect to 6,
implies 0, is also stationaryith respect to 84. Angle 0 is the
displacement of another (a 4”) virtual joint having its axis
perpendicular to both joints 6 and 7 and intersecting the tool
center point (TCP) as do the other joints in the virtual wrist.
When mg,~mg, w20y to allows reverting to joint 6 driving
the virtual displacement.

[0104] Proof: With wrist joints 4 and 5 locked, applying
loop closure to the joint screws T,=w,; v,,), expressing the
instantaneous mobility from the joint-rate vector Cq o gives

w6 Wep W7 Wg Woc (1
Ceoc =0
Vo Vosp VYo7 Vos Voo

[0105] Subscript,.o denotes an inclusive range of indices.
Vector Cy o 005,~Com5+C; m,+C,m,+C,m, gives the com-
bined angular velocity when actuating joint 9 for the tool
rotation and joints 1, 2, and 3 for the robot arm. Placing the
screw origin O instantaneously coincident with the tool
center point (TCP) makes the velocity elements v,q.s=0.
This requires joint rates satisfying the velocity closure
relation Cyv+C,v,+C,v,+C,v;=0 making vyo—0. Refer-
ring to FIG. 7 and expressing wg, w, and wy in relation to
;{1 001",

Cs @
0 0 1 0 wee]| Cop
\07 s7 01 wQCy] c; |=0
=s7 ¢z 0 0 woc, || Cg
Coc

for c,=cos0, and s.=sinf.. Driving an instantaneous dis-
placement by either joint 6 or 6p requires wq.=0 to make
[0; oy wg ] Tull rank. For mg,=mg, driving joint 6p then
results in rate Cq0; w4,=0 is then necessary and sufficient
for 6, to be stationary with respect to both 64 and 6,,.[]

[0106] Just before the last tracking step, the virtual path
traced by the pole of joint 8 in the bottom plot in FIG. 10 was
generated by displacing joint 6p with 4 and 5 locked.
Equation (2) establishes that displacing joint 6 instead would
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give an identical trace. The virtual path forms a right angle
with the sweep of joint 7, is the required geometric condition
for 6, to be at its minimum.

[0107] At the start of the locating maneuver, 0,=0 gives
¢,=1 and s,=0. In this condition where 8,=0 for all values of
8¢, finding 6, giving zero virtual displacement of 8, with
respect, to 0, will keep 0, continuous after leaving the
starting point. In place of conducting one or more path-
following steps, solving Eq. (2) with C,=0 and C,.=-1
gives the joint rates Cg,=wge, and C,=wg,. Designatin
e, =gC, and w, -, =gs, identifies a rotation by 0, about joint
8 in the local z-x plane. Adding 6, to 65 and to -6, to 65 sets
Wo,=g and wg =0 while leaving the other matrix elements
in Eq. (2) unchanged. Having w4, =0 insures the tool
deviation angle 8, to be stationary with respect to both 8,
and 04 according to Theorem 4.

[0108] Because the joint rate solution is invariant from the
coordinates expressing the joint screws, it is more conve-
nient to solve AC=0 for C,,=0 and C,=-1, where the
columns of A are the complete set of joint screws in the
coordinates of the robot base, and then calculate

6,=atan2(C, Cg,) 3)

using the 2-argument arctangent function atan2(y, x). This
places the initial virtual displacement of joint 7 at zero,
which is maintained or corrected in subsequent tracking
steps.

[0109] Whereas the singularity locating maneuver
depicted in FIGS. 8-10 applies to the robot with spherical
wrist depicted in FIG. 7, the preceding description of the
maneuver applies to robots with different relations of joints
in the arm along with robots where all three wrist axis lines
lack a common intersection point (an offset wrist) as
employed in industrial practice.

Determining the Least-maximum Deviation along the
Adjusted Path.

[0110] The goal is to locate where the least-maximum tool
deviation occurs along the adjusted path, with least-maxi-
mum meaning the smallest value of peak deviation magni-
tude. Owing to a spherical wrist exhibiting self-motion by
contra-rotation of joints 4 and 6 with all other joints
unchanged at its singularity where 6,=0, the least-maximum
will be seen to occur at the endpoint of the singularity
locating maneuver. At this location with joints 1, 2, 3, 8 and
9 passive, 0 is already stationary with respect, to 0, and its
non-singular counterpart 6.

[0111] Joints 4 and 6 are now contra-rotated to an initial
position where joint axis directions w;Llm, make wg,=xm;.
Making use of the self-motion, this displacement is made by
changing 0, and 04 by equal-and-opposite amounts to set
0,=0. From this starting point, a guided displacement with
joints 1, 2, 3, 4, 5 and 7 passive is applied to joint 6; because
of the self-motion allowed by joint 4 passive, this leaves the
tool deviation angle 0, and axis direction ®, unchanged.
Hence the stationary condition at the end of the locating
maneuver is left unchanged. This guided displacement con-
ducted by the method of Appendix A makes 0., stationary
with respect to 6,

[0112] Theorem 5: Under the preceding conditions, 6, at
path location 0,=0 is at a least-maximum.

[0113] Proof: At the end of the above guided displacement
where 6, is made stationary under a set of passive joints
leaving 04 and 8, fixed, 6, remains stationary with respect to
a coordinated change in 0,, 65 and 8,p when joints 1, 2, 3,
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7, 8 and 9 are made passive. For those passive joints, 6, has
remained stationary with respect to 8 and also 6 p at the end
of the guided displacement. After a small guided displace-
ment of 0, keeping to wgp nearly collinear to ws, the change
in 05 in the virtual displacement is non-zero. Owing to the
self-motion at 0,=0, 0. is also stationary with respect to
equal-and-opposite change to 8, and 8. Linear combina-
tions of coordinated changes in angles establish 6, to be
stationary with respect to 0, 05 and 0. That 0, is stationary
with respect to 6, is a necessary condition for maintaining
minimum tool deviation 0, along a kinematic path crossing
through 65=0. That 6, is stationary with respect to 0, and 05
at 0,=0 is a necessary condition for this value of 0, to be a
maximum along all such paths crossing through 6.=0,
making it a least maximum.[JWith an offset wrist not
satisfying the conditions of Theorem 5, finding the least-
maximum point on the adjusted path requires guiding three
virtual displacements according to Eq. (Al4) to achieve
stationarity of 6, with respect to changes in each of 6,,, 05
and 6.

Intercepting the Actual Path.

[0114] After locating the least-maximum point at angles
(05,0 O4,p), a through-the-singularity avoidance maneuver
is planned by fixing the rate of a joint in the robot (such as
C, of joint 4) in relation to the rate of tool traversal C applied
to joint 9. From the zero reference for robot angles estab-
lished by the posture in FIG. 7, the rate ratio is set to a
negative value when least-maximum deviation 0,>0. Start-
ing at (6,,,5 6,,.), the adjusted path is followed for both
forward and backward progression of angle 6, until inter-
cepting the tool displacement path achievable by the robot
(“actual path”) at points betbre and after singularity encoun-
ter. The pointwise optimal 85 at (6,4 6,,.) may be held
fixed without affecting where 8,=0 is reached. Later when
the singularity avoidance maneuver is carried out, however,
joint 6 will be guided to achieve and maintain stationary 6,
along its entire path, starting where it diverges from the
actual path. Such not only achieves the optimal deviation in
tool orientation over the course of the avoidance maneuver,
but it also guarantees that the path will pass through the
least-maximum location.

[0115] Whereas any finite ratio may be used for this
purpose with a spherical wrist, limiting it to 1C,l/ICyl=6
reliably gives before-and-after encounter intercept points for
robots with offset wrists representative of industrial practice.
Choosing a rate-ratio limit of 6 is also motivated by it
limiting tool orientation deviation to about 10° inside the
wrist“exclusion cone” (****, Appendix B). Should a higher
rate limit be allowed, reaching this limit by correcting the
start and end points of the avoidance maneuver by displace-
ments along the actual path allows for a shorter path interval
for the avoidance maneuver where tool deviation takes
place,

[0116] With joints 4 and 9 active, joint 6 held fixed and
selecting joints 1, 2, 3, 5, 7 and 8 as passive, the path-
following procedure of Appendix C solves for the zero of 6,
at the intercept point. This procedure is preferred on account
of the initial zero slope of 6, on this path being a singular
condition in an alternative series-reversion solution as
described in Appendix C.

[0117] The intercept procedure is demonstrated for the
robot in FIG. 12, where offsets may occur in different
amounts between the axis lines of joints 1 and 2 ann along
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with joints 3 and 4 connected by links in the arm for the
many robots in industrial practice, with or without an offset
occurring between joints 4 and 6 in the wrist. Joints 7 and
8 extend the robot with a virtual wrist representing the
allowed tool deviation whereas TCP denotes the center of
the virtual wrist at the tool contact point with the work
surface where accurate position is maintained. Articulation
of virtual joint 9 represents the intended tool motion in
relation to the base of the robot.

[0118] FIG. 13 shows a plot for a spherical wrist having
zero offset whereas FIG. 14 shows a plot shape that can only
occur When the offset differs from zero. The displacement
path of the robot is expressed by the angle on joint 4 of the
robot (the initial joint in its physical, 3-axis wrist) as a
function of tool traversal represented by the articulation of
virtual joint 9. For convenience, the combined actuaUvirtual
joint 6 that“steers” the tool deviation arc is locked when
conducting a displacement on the actual path, and virtual
joint angle 65 gives the value of robot joint angle 6, for the
final joint in the physical, 3-axis wrist under conjugate
virtual-wrist angles.“Tool deflection” gives proximity to the
singularity, where FIGS. 8-10 were conducted at 8° by the
procedure described earlier.

[0119] In FIG. 13, close approach to the singularity of a
spherical wrist occurs at the steepest portion of the sigmoi-
dal curve (flattened s-curve) of a selected branch of the
displacement path, The slope of that curve gives the ratio of
joint rates 6,/0,=C,/Cs. A closer approach to the singularity
produces a steeper, more abrupt sigmoidal curve expressing
a higher peak rate ratio. At some amount of proximity, the
rate ratio exceeds the capability of the robot, which is the
problem addressed by the Preferred Embodiment. Were the
rate limit to increase without bound, the sigmoidal curve
would approach asymptotically an abrupt step function.
Following the displacement path until the rate on joint 4
exceeds a prescribed limit may fail because of the abrupt
onset of the steep portion of the curve a procedure with this
limitation was proposed by Aboaf and Paul®? along with
Huang and Milenkovic®®. The Preferred Embodiment does
not have this limitation.

[0120] Cheng et al.’ calls the two alternative configura-
tions of the wrist giving the same tool placement“no-flip”
and“flip.” For a spherical wrist, no-flip is changed into flip
by a step change of equal and opposite; rotations of 180°
applied to joint 4 and physical joint 6 along with a change
in sign of the angle of joint 5, with all other angles
unchanged. Changing 6, by 180° with an offset wrist results
in changes of all the other angles, which may be solved by
path following. Passing close by but not directly through the
singularity maintains either no-flip or flip over a continuous,
sigmoidal path on one branch of the path-following solution.
No-flip and flip are called “principal branch” and “alterna-
tive branch” in FIG. 13. Because a 360° step applied to any
joint leaves the robot posture unchanged, this pair of
branches is replicated with each such rotation, resulting in an
infinite number of branches, of which FIG. 13 shows por-
tions of four.

[0121] The path-intercept procedure locates points before
and after the inflection of two sigmoidal branches. “Crosses
branches” connects the “before” with the “after” point from
two branches, in the process passing directly through the
wrist singularity where joints 4 and 6 become collinear.
These starting and ending points are to be adjusted to
connect the two branches with a path of limited joint rate and
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acceleration having least-maximum tool deviation over a
least interval where tool deviation occurs.

[0122] “Same branch” joins before-and-after points with-
out switching branches, also avoiding the steep, high-rate
portion of the actual path. Because the path-intercept pro-
cedure finds points on different branches, this procedure is
reapplied after changing branches by equal-and-opposite
180° rotation of joints 4 and 6. This step is of special
importance for an offset wrist where the alternative branch
is not exactly separated by an exact 180° change with all
other joints unchanged as with a spherical wrist. The lines in
FIGS. 13 and 14 connecting before-and-after points on the
same branch that are found this way supply the initial
condition when optimizing an around-the-singularity avoid-
ance maneuver. One such line connects points on the prin-
cipal branch whereas another line applies a reversed rotation
of joint 4 connecting to the principal branch after subtracting
360° from 0,. The upward-sloping line results in a smaller
excursion of 0, in this instance. Whereas the alternative,
downward-sloping line gives a larger excursion, this choice
may be useful for untangling feed lines to the tool or
avoiding other interferences in the robot or its workspace.
[0123] FIG. 14 shows a path reversal or turning-point type
of singularity. Whereas an offset wrist can exhibit the
sigmoidal path of FIG. 13, it can also show a path reversal
over a finite range of proximity to the wrist singularity of the
type demonstrated in FIG. 14, Under this condition, the
actual path separates into two isolated segments before and
after singularity encounter, Both the principal and alterna-
tive branch occur along each continuous path segment, with
the switch between branches occurring at the notional sin-
gularity of the offset wrist where the axis lines of joints 4 and
6 become parallel. Owing to the coupling between arm and
wrist, the robot may retain its full 6-axis mobility at this
location, with the turning point or inflection on the actual
path occurring nearby. Nevertheless, Cheng et al.' identify
the change from no-flip to flip as requiring passage through
this configuration.

[0124] FIGS. 13 and 14 also show the actual-path inter-
cepts to occur at points on the actual path of both increasing
slope and derivative of slope. For constant rate C, on the
actual path, monitoring the signs of C, through its second
derivative can detect a departure from this condition, upon
which the rate-ratio limit may be reduced and the intercept
procedure reapplied

[0125] Connecting a path between before-and-after points
that change branches will also cross through the notional
singularity Whereas an around-the-singularity path is
planned by connecting points on the same branch. Starting
from a point on the specified, principal branch, one of two
same-branch paths is selected for having less excursion in
0. This will give the least peak tooldeviation 6, apart from
possibly where the 0, excursion is nearly the same. In that
instance, calculating both paths and select the path with
lower 0., may be required.

[0126] In this manner, points are located before and after
singularity encounter on the same branch but different
segments of the actual path. This is to be followed by
corrections to these locations on their respective actual-path
segments. These starting and ending points of the adjusted
path along the avoidance maneuver bridge the exclusion
zone to satisfy ate and acceleration limits. Such an avoid-
ance path will increase tool deviation 6, in magnitude until
it reaches a peak at its slope inflection, decrease 6, until
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reaching a point on the actual path where 0 crosses through
zero, have 0, reach a peak of opposite sign and finally rejoin
the actual path segment on the opposite side of the exclusion
zone where 6, once more reaches zero.

[0127] It is not known in advance, however, whether a
crossing of the actual path midway on the line occurs
between the two supplied points, or if it is one of these
points. Whereas the downward-sloping “Same branch” line
in FIG. 14 reaches the right hand path segment at 6,=6.24°,
its endpoint is at its second intersection at 0,=6.70°, with
each intersection marked in FIG. 14 with a diamond symbol.
The “after” path point in this example happened to be at
6.70°, but were it at 6.24°, the line would need to be
extended. This condition is detected by comparing the slope
of the line against the slope of the actual path at their
intersection. A midpoint is identified when the two slopes
have the same sign and when the slope of the actual path is
greater in magnitude. Subject to the connecting line having
only one midpoint, if a path point is identified as a midpoint,
the starting point is switched to the opposite path point.
Using the procedure in Appendix C, a line of constant slope
is traced to find the slope inflection, the zero crossing, the
second slope inflection and then the final zero crossing of 6,
, by this action locating the opposite endpoint.

Avoidance Maneuver Endpoint Correction to Limit Joint
Acceleration

[0128] Both avoidance maneuver endpoints are displaced
along the actual path to limit the joint acceleration C,=f,.
The following applies to correcting the before-singularity
point of the avoidance maneuver conducted for increasing
tool angle 0,, with the correction for the after point follow-
ing the same formulas after changing the sign of all accel-
eration values.

[0129] Consider a constant pair of angles (65,5 04,0 on
the adjusted path and a pair of angles (0, 0,) at a location
along the actual path at initiation of the avoidance maneuver.
For all maneuvers, (85,4 6,4, 1s set to the a least-maximum
point, which occurs at 8,=0 for a through-the-singularity
maneuver of an offset wrist, only. An around-the-singularity
path will have two least-maximum points, and the nearest is
selected.

[0130] The angles on the actual path vary according to
(05(1), 0,(1)) when constant displacement rate C4=-1 causes
path distance s=0,,,~0,(t) to increase at constant rate $=1,
Holding t fixed when following a path at rate C4=-1 in the
forward direction starting at 04(t) reaches after elapsed
interval s. The actual change in 6, over this interval is
8,,,~04(t) The change in 8, achieved at the acceleration
limit applied over a forward path interval of length r
obtained by integrating initial rate C,,(t) and constant joint
4 acceleration a, is

@)

ay ,
Ouimir, (1) = Cya(O)r + 57

where C,,(t1)=—C,(t) from the reverse path varying 0,(t).
When the rate-ratio limit C.,,,,,;,~(C4/Cs);;,:: 15 reached at
0<t=(C, 4;mi,—Cru(t))a,<s, the remaining path of length s-r
is traversed at rate C,.;,,,.;; applied to joint 4 giving the total
change in angle as
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®

Ottimir (1) = Oagimir, (1) + Cyatimir (s — 1)

1
= Cvagimirs — Z_(Cv4limir - Cya(0)
as

[0131] The path-following procedure in parameter t gen-
erates power series coeflicients for C,,()=—C,4(t), 0,(1),
s=05(t) and in turn 6,(0=(0.,,,~0.(00.,4,.:(t) by way of the
Cauchy product® applied to product terms in Egs. (4) or (5)
see Appendix A. The preferred procedure employs the
method in Appendix C to solve for the zero of 0,,,,(t), which
establishes that the change in angle°4,ef—64(t) is met at the
active combination of acceleration and rate limits, giving the
avoidance maneuver initiation point at (04(t), 0,(t).

[0132] Equation (4) is solved for a, at r=s and 0., (t)
=0,,,~04(0). If a, exceeds its limit, it is replaced by that limit
and the avoidance maneuver endpoint correction is made
using Eq. (4) evaluated at r=s. Should joint 4 exceed its rate
limit at s when a, is subject to its limit, the correction is
repeated using Eq. (5) for both the acceleration and rate
limits being active.

[0133] if the calculated value of a, meeting 8,,,,~0,(t)
does not exceed either the acceleration or rate limits, no
further correction is needed. Otherwise a level of accelera-
tion may meet 6, ~0,(t) at the active rate limit without
correcting (05, 0,). Applying a,r=C;4;::~Cra to Eq. (5)
gives

(Cyatimic — Cya®)* (6)

a. O COTFect =
* "7 2(CyatimieS — Barer — 04(D))

[0134] If either of the conditions Cyyy,5—0 470205 Q4o
correc Within the acceleration limit and 0<r=(C,,,,,;,,~Cy/
a,)<s is not satisfied, a, is replaced by its limit and the
avoidance maneuver endpoint correction is made using Eq.
(4) evaluated at r=s. When s=0,,,,~0,(t)<0, the substitution
a,<—-a, supplies the change in sign for Eqs. (4) and (5), a,,,,
correctS—=Au,4 correct for Eq (6)

[0135] For a through-the-singularity maneuver, the
before-and-after-singularity halves meet at (6, 0,0 with
largest tool deviation 6. To achieve continuity of joint rates,
the peak rate of joint 4 applying the acceleration limit to the
“before” half supplies the rate limit for this procedure
applied to the “after” half. If “after” reduces the rate limit
further, the adjustment of

[0136] “before” is repeated. If the before and after rates
still disagree, neither rate limit is active. Adjustments are
then made to the constant accelerations applied to before and
after.

[0137] For an around-the-singularity maneuver, too low
an acceleration limit may result in reaching the rate limit
after the nearest least-maximum point (8,5 6,,.9. As this
violates the assumptions in the optimization for that point,
the acceleration limit is increased so the rate limit is reached
at that point. The procedure correcting the endpoint is rerun
using Eq. (4) with r=s and a,=(C,,,,,.,,~C.(t))/s. Increasing
the acceleration limit in this way generates an avoidance
maneuver with a smooth onset of maximum slope as seen in
FIGS. 16 and 17.

[0138] For the robot in FIG. 12, FIG. 15a shows the
outcome of correcting the avoidance maneuver endpoints;
with Co=1, rate IC,] is limited to 6 rad/s (the condition in
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Appendix B) and acceleration |C,| to 50 rad/s>. The series
expansions of Appendix A are carried out over index
k<p=10. The plotted sweeps of joint 7 give the tool deviation
arc at the end of each path-following step, with the smooth
path curves calculated from series coefficients.

[0139] The Actual path of tool displacement generated by
the robot splits into the Reference path of the intended tool
orientation and the Avoidance path, where the tool orienta-
tion differs in the amount of the tool deviation. Owing to
wrist offsets inducing orientational changes in the arm to be
corrected by articulating these wrists, the reference path on
the stereographic plot showing orientation will differ from
the actual path owing to articulation of the virtual wrist
producing the plotted tool deviation arcs. This coupling
results from the separation between the virtual and physical
wrists along with any offset in the physical wrist. Further-
more, an actual path producing the same tool orientations as
the reference path does not exist for an offset wrist under the
conditions of FIG. 14, where FIG. 1556 shows the desirable
property of the avoidance path crossing the zone from which
the actual path is excluded.

[0140] The dots in FIGS. 15a and 156 mark where the
through-the-singularity maneuver changes branches by
passing through 0,=0. The effect of ending the avoidance
maneuver on different branches is pronounced for the offset
wrist in FIGS. 155. Changing branches on the actual path
produces no visible change to FIGS. 154 owing to how the
robot preserves angles after a 180° “flip” of a spherical wrist.
The differences in the around-the-singularity paths between
FIGS. 15a and 155 result from choosing the lines with least
excursion in 0, to connect points before and after singularity
encounter on the same branch in FIGS. 13 and 14.

[0141] The least-maximum deviation occurs at the dot
along the avoidance path adjusted to pass through-the-
singularity of a spherical wrist, occurring near but not at the
dot for the offset wrist. The amount of deviation does not
change with an increased rate limit. The least-maximum
deviation for the around-the-singularity path occurs in two
places as the tool deviation advances, retreats, crosses zero,
and then advances, retreats and reaches zero the end of the
avoidance maneuver. The global least-maximum deviation
is achieved by equalizing the local least-maximum deviation
at its two locations by Egs. (A15)-(A19) in Appendix A.
Increasing the rate limit, however, will reduce this global
least-maximum, with an offset wrist having a maximum rate
limit owing to the gap between segments of the actual path
seen in FIG. 14.

[0142] FIG. 16 shows a tool deflection where the offset
wrist produces sigmoidal actual-path branches similar to a
spherical wrist whereas FIG. 17 shows path reversals for a
turning-point singularity that are unique to an offset wrist.
The need to account for such path reversals was also not
contemplated by prior art considering an offset wrist'>°. The
rate limit for the around-the-singularity path (10.2 for FIG.
16, 9.8 for FIG. 17) along with the acceleration limit for both
paths (66.7 rad/s) are modified from before for plot visual-
ization, with the around path increasing this acceleration
slightly to achieve the rate limit at its least-maximum points.
[0143] In FIG. 16, the location of the notional singularity
marked on the through-singularity avoidance path connect-
ing two actual-path branches. This is the only path segment
crossing through 8,=0 at this location where it changes
branches. In contrast, the around-singularity avoidance path
connects two points on the same sigmoidal branch. The
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anticipatory behavior of this alternative mode of singularity
avoidance® is seen in this plot, where the rate of joint 4
initially increases in relation to the actual path subsequent to
its departure from the actual path but lags in rate when the
actual-path curve reaches peak slope.

[0144] In FIG. 17, the notional singularity where branch
switching takes place is marked on each isolated path-
reversal actual-path segment as well as on the through-
singularity path bridging points on isolated path segments on
different branches. As before, the around-singularity path
connecting points on the same branch does not cross the
notional singularity, even though these points are on isolated
segments.

[0145] FIG. 17 also shows the “before optimization” line
segment joining points of peak tool deviation. The optimi-
zation procedure of Appendix A displaces these points to
equalize their local least-maximum tool deviation, placing
them along the globally optimum around-singularity path.
Owing to the proximity of the line through these points to
the turning point on the left-hand actual-path segment, the
algorithm conducted the optimization with two displace-
ment steps. Applying an acceleration limit adjusted the
initiation and termination points of the resulting avoidance
maneuver, resulting in the smooth transitions between the
actual path segments and the around-singularity path line of
constant slope.

[0146] FIG. 18 shows where shifting the line at constant
slope is unable to equalize the two local least-maximum
deviations before reaching a limit position in relation to a
turning point. The second optimization (Egs. (A21)-(A25) of
Appendix A) holds fixed the line intersection with the actual
path on that segment while reducing the slope to reach the
global optimum of equalized least-maximum deviations.
The preferred procedure conducts the second optimization in
two displacement steps, where the first step omitted the
correction to the virtual displacement of Eq. (A25) account-
ing for the varying slope to obtain improved series conver-
gence.

[0147] FIG. 19 shows the pattern of alternating maximally
positive and then negative tool deviation occurring along the
around-the-singularity line segment connecting points on
the actual path shown in FIG. 18. The second optimization
reaching the global least-maximum tool deviation, reducing
one excursion a small amount while greatly increasing the
second excursion to match it. It also significantly increased
the tool traversal interval over which tool deviation takes
place. Whereas the benefit of the fixed-endpoint varying-
slope optimization is mixed, it is included both for com-
pleteness in applying least-maximum optimality as well as
demonstrating the generality of the guided-displacement
procedures of Appendix A.

Path-Following Step-Size Limits.

[0148] Path-following displacements steps conducted by a
high-order series expansion such as but not limited to Egs.
(A4)-(A6) are to be limited in length to obtain high accuracy,
which is quantified by the level of closure error in the
kinematic loop incorporating the robot. The resulting orien-
tational mismatch is represented by a 3x3 rotation matrix R
and a 3-element translational displacement vector d using
well-known rules for combining these transformation in a
serial kinematic chain. These representations, in turn, are
transformed into a pair of 3-element vectors (Ow, Ov)*S
representing the closure error by a screw motion through
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angle 0 about the fixed screw axis line represented by (w, v).
A corrector for the path-following closure error, either as a
separate step or combined with the next predictor step, is
readily implemented by supplying this representation of a
virtual joint with rate 6/t;, to Eq. (AS).

[0149] For purposes of setting the step size t, of the
path-following predictor step, this screw representation also
quanitifies the closure error by a distance ||0v|| and an angle
lBw|=181, [lw||-1. The accuracy of a truncated Taylor-series
expansion depends on distance to the nearest singularity. For
a spherical wrist, 0, of the singularity close-approach on an
adjusted path where | =0 and the value of 0 gives least tool
deviation 6,, which is the same value at its (0,,.5 6,,.9
least-maximum point, supplies a reference point for limiting
the step size in the Preferred Embodiment to +0.316,,,,~6,|
for an order p=10 series expansion when 0, is the start of the
step.

[0150] Owing to an inflection or turning point 6, on the
actual path occurring way from 0, -in the case of an offset
wrist, the actual-path step is instead limited to +0.316,,;,,—
0,! Holding joint 6 fixed and selecting passive joints 1, 2, 3,
5, 8 and 9, joint 4 replaces joint 9 in path-following
displacement steps along the actual path. The least-maxi-
mum point (8,5 0,4,., supplies the limit =0.316,,,,~6,] for
those steps employing the procedure of Appendix C to locate
where for constant rate C,, rate C, crosses zero, identifying
a turning point, or joint acceleration Cg, crosses zero, where
the identified point supplies 6,

[0151] The procedure for planning a through-the-singu-
larity avoidance maneuver locates (B, 04, near the
Principal branch in FIGS. 13 and 14 and also (8.,
8.,.emote from it near the Alternative branch. The limit for
path-following steps in the search for 6, uses the lesser
amount of 0.316,,,~6,1 and 0.316,;, ,,~0,.

[0152] FIG. 20 shows that for an offset wrist, the actual
path can have “sharp corner” away from its point of peak
slope, also not addressed by prior art'>°. This curvature
inflection is associated with a close approximation to the
bifurcation between through and path-reversal of a pair of
path branches at (8, ,op 0441 o) as seen in FIG. 20.
[0153] On the actual path with joint 9 active, and starting
at the after-encounter intersection of the remote through-
the-singularity line, the upward sloping “extrapolated path”
is generated by setting all negative-valued terms beyond 2”4
order to zero in a displacement step taken in the -0,
direction. This action biases the series to diverge downward
when approaching its radius-of-convergence bounded by a
singularity. Angle 6, ... marks where the excursion of the
extrapolated path has crossed -180°. If this location is
beyond the point of maximum slope of the principal branch
as seen in FIG. 20, the path-following steps on the actual
path past this location are limited to £0.3105,;, 5, =0l
[0154] Steps are conducted at a constant rate along an
adjusted path in proximity to the singularity, whether in
planning or executing the singularity avoidance maneuver.
These planning steps are limited to 20° for the highest rate
active joint, such as in the Preferred Embodiment where
rates C, and C,, are in a constant ratio where |C,/Cy>1. These
steps may be further limited in length by the procedure in
Appendix C. Steps in avoidance execution where additional
limits are not applied are limited to 14°. The resulting
closure error for robots representative of industrial practice
in FIGS. 12 and 21, with and without wrist offset and over
range of proximity to the singularity requiring path adjust-
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ment to meet rate limit |C,/C4l=6, are of order of 107° m
distance and 50(107°)° angle, where “of order” is an
upward-rounded geometric mean of the worst-case values
for each of two robots over two wrist conditions.

[0155] The following supplies a step limit at constant
acceleration in avoidance execution. The sine and cosine
functions of displacement generated by joint rotation have
an infinite radius of series convergence, but 1 rad (57.3°) is
its effective value where convergence become impractically
slow. A maximum allowed step s is calculated for either
direction that changes 0, by =1 rad. This is expressed as the
solution to C,s%/2+C,sx1=0 at acceleration a=C, and rate
v=C,. For a=IC/C,|, g=12/C,], the smallest positive-valued
step length meeting these conditions is

s,=1-0+V a’+gl, M
[0156]

[0157] otherwise, s=min(s,, |-o+V o*~gl)

[0158] Limiting the step length £0.3 s keeps closure error
at constant active-joint acceleration keeps error within the
limits occurring for constant rate.

[0159] Increasing the constant-rate avoidance execution
step size to 20° increases the closure error to order 50 (1075)
(0.05 mm) distance and 2000 (10~°)° angle (2 thousandths
of a degree). This is consistent with the 50-fold change—
(0.7¢*'=50.6—expected for an order p=10 Taylor series
approximation of a function within its region-of-conver-
gence not including any singularities.

if a?<g, s=s,

Choosing Between the Through and Around-Singularity
Adjusted Path.

[0160]

TABLE 2

Worst-case least-maximum tool deviation
over the range of proximity to the
singularity requiring path adjustment to meet rate limit
|C4/Cyl = 6 for the robots from FIG. 21
and FIG. 12 having different directions of the wrist offset

Tool deviation angle (%)

Offset Rate limit Through Around Best
(m) IC4/Col singularity  singularity method
FIG. 21 -0.045 varying 10.057 0.665 0.665
6 10.057 6.570 3.382
0 6 9.821 6.486 3.327
FIG. 12 0.170 varying 19.615 7.766 7.516
6 19.615 9.132 7,516
0 6 9.919 6.550 3.290
[0161] The robot in FIG. 21 with different amounts of arm

and wrist offset along with the wrist offset in a direction
perpendicular of the axis of joint 5 is compared with the
robot from FIG. 12. Table 2 addresses whether the through-
singularity, around-singularity or a selection between meth-
ods gives the least excursion in the tool deviation and in
what amount. “Best method” selects between the through
and around-singularity methods at each tool deviation value
over the range considered. Setting both robots to zero offset
gives similar results, with around singularity giving about
%4’s the deviation as through singularity, and choosing the
best method giving %5 the deviation. This pattern is main-
tained for the robot of FIG. 21 with non-zero wrist offset at
the same rate-ratio limit of 6.
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TABLE 3

Timing for singularity-avoidance planning and execution

Rate Total
limit Time Opti- plan- Exe-
IC,/Cqyl (ms) Locate mize Adjust ning cute
Through varying Avg 0.552 0.431

singularity

Around varying Avg 0.040 0.227 0.727 0.994 0.422
singularity Max 1.149 0.590
6 Avg 0.040 0.212 0.702 0.954 0.292
Max 1.093 0.338
[0162] Table 3 presents average and worst-case timings

(Intel Core 15 2.5 GHz processor, single-core mode, 64-bit
Java OpenJDK 10 and Windows 10 software environments)
across the same conditions. The total time for planning the
around-singularity path is separated into “Loocate” to find the
close approach in tool deviation from the notional singular-
ity to intended tool position, “Optimize” to find the least-
maximum point for the proximate and remote through-
singularity paths along with the optimal around-singularity
tine, with “Adjust” including searches for the inflection or
turning points on the actual path as required for an offset
wrist along with displacements along the actual path to meet
the rate and acceleration limits. “Adjust” is substantially
reduced for a spherical wrist not requiring such path steps
locating singularities on the actual path.

[0163] The calculation time in planning the around-sin-
gularity path is about, twice that of the through-singularity
path, with little change at the reduced rate limit. This is
anticipated to be the total time using parallel processing
when planning both maneuvers to allow selecting between
the two. The reduced planning time for the through-singu-
larity maneuver could be conducted on a second processor
core, conducted independently of the “Adjust path” opera-
tions for around singularity and fitting within that time
allotment Hence planning the singularity maneuver of least
deviation is expected to take about 1 ms, with path execution
taking about half that time when conducted with either one
or the other maneuver.

Appendix A—Optimization Procedures.

[0164] A robot is extended with a virtual wrist, which in
turn is followed by a final virtual joint representing the
intended tool motion in reference to the robot base. The
resulting kinematic model expressed by a 9-joint closed
kinematic loop (joint 6 represents the last joint in the
physical wrist combined with the first in the virtual wrist
supplies kinematic redundancy to allow limiting joint rate
and acceleration along an adjusted displacement path near
singularity encounter. This reduces to a 7-joint loop for
displacements on the actual path where the tool deviation
angle is held at 68,=0 before and after singularity encounter.
Applying a high-order path-following method®**”*# to this
loop solves the robot inverse kinematics problem (IKP) over
a continuous path of the intended tool displacement. Extend-
ing this method to controlling redundant joints in the 9-joint
loop will do the same when near the singularity.

[0165] Keeping the same numbering scheme as prior
work>*%* joint 1 connects link 1 of the robot base to the
initial moving link 2 in the robot. A revolute joint has screw
T=(w;; ve7,xw,) constructed from a pair of 3-element
vectors: unit-length w, gives the joint axis direction, t; selects
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a point on the joint axis line and x denotes the vector cross
product®®®!, From a set of joint angles at the start of a
path-following step, solving the robot thrward kinematics
problem (FKP) determines initial joint axis directions w, and
joint axis-line reference points t,.

[0166] The combined translational and orientational
motion of each link in the kinematic chain is represented by
its instantaneous screw or twist T, by the well-known
relationship

(AD

i—1
Te = Z CiT;
=

[0167] where Cj:éj is the rate of joint i having joint screw
T, and angle 6, The joint screws in this formula are
expressed in a common coordinate frame referenced to the
robot base. In the case of a non-redundant robot where the
joints are numbered 1 through n=6 and the last loop joint
representing tool motion in joint n+1=7, rate C,,, is pre-
scribed. The remote connection of the link back to the robot
base fixes

T =0 (A2)

[0168] At any robot posture where the 6 robot joint screws
T,, ..., T, are linearly independent, applying this form of
the loop closure constraint along with a specified t traversal
rate C, to Eq. (A1) allows solving for joint rates C,, . . ., Cg
expressing the instantaneous mobility of the closed chain
incorporating the robot,

[0169] In considering a finite displacement of this chain,
the axis lines of the joints are conveyed through space by the
links to which they are attached. Apart from the fixed axis
lines of the joints connected to the robot base at each end of
a chain, the resulting variation in the joint screws has the
differential equation

Ti:TCiXTi (A3)

where T, is selected to be the instantaneous screw imparted
on the link immediately preceding the joint in the designated
numbering scheme with Lie product x (boldface x),

[0170] Loop-closure constraint Eq. (A2) applied to the
coupled Egs. (A1) and (A3) allows solving for both the time
varying joint screws T,(t) along with joint rates C,(t). For a
robot made redundant by adding virtual joints, a solution is
found by designating a non-redundant subset of coefficients
C, as passive joint rates whereas the remaining coefficients
are designated as independent variables controlling the
active joints. Setting one or more of these independent
variables to zero locks those joints. Term-by-term integra-
tion of high-order power-series expansions of the rates C,(t)
gives the robot joint angles 0,(t,) at the end of a path-
following step of length t,,. The robot base-referenced screw-
based power series expans10n of Egs. (A1)-(A2) orlgmally
disclosed®, compared®® to a matrix-based method®> and
alternatively expressed in moving link-local coordinate
frames*®, is expressed next.

[0171] The variables varying with time have series expan-
sions

!

=TT TIATR]% . . .,

J
C=CO=CIO1+C 1G22+ . . .,

T Te=TolOW Tt T o210+ . . .
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[0172] Eq. (Al) relates the series coeflicients of these
variables by

i-1 (A4)

i

C,lk] «T;[k]

Zk: [m]Tk m:

Tacilk] =

.
I
S
I

J

[0173]  where initial joint screws T=T[0]=T(0) and
C, Im]=C,[m] apart from ¢, > [k]=0. Operator g denotes dis-
crete convolutlon expressed by the inner summation, which
is also the Cauchy Product combining the series expansions
of the product of two functions™®. For link i=n+1 closing the
chain, the loop closure constraint T, (=0 is expressed

T [F]=ACTk+ T, [K] =0 (A5)

[0174] where the columns of matrix A are constructed
from the initial joint screws T,. Solving for rate vector C[k]
of elements C [k] subsequently allows updating T ,[k] from
Tzolk] in Eq. (A4). When loop closure error accumulates at
the end of a path-following step, Tz,,.[0] calculated by the
method of Ref.*® is applied to the next step in a combined
predictor-corrector procedure®®>7*%,

[0175] Equation (A3) tracks the joint screws over a finite
displacement giving

1 1 A6
T+ 1) = =TI = ——Talkl« Tilk] (A9

[0176] Operator *,, denotes discrete convolution ver the
Lie product x.

[0177] Note that the link instantaneous screws depend on
the joint screws in Eq. (A1) whereas the joint screws in Eq.
(A3) depend on the link screws. This cycle of dependence is
broken in the series expansion by the current coefficients
Tzqlkl, Clk] and T,[k] depending only on the joint screw
coeflicients up to T,[k], with the next coefficient T,[k+1]
calculated in Eq. (A6) from the link screw and joint screw
coeflicients up to T,[k] and T,[k]. This relationship follows
from the series coefficients T,[k+1] being calculated from
the term-by-term integration of the series representation of
T,(.

[0178] A second useful relationship is the manner in which
a non-linear implicit function has its series expansion cal-
culated by the order-recursive solution of not simply a linear
system of equations, but one having a constant matrix of its
homogeneous form as seen in Eq. (AS). This allows from the
closure constraint of Eq. (A2) applied not just instanta-
neously but over the course of a finite displacement. Such is
represented by the time-varying linear system A(t)C(t)=0
having series coefficients that separate according to

k-1
Alk] = Cl[k] = A[O]C[k] + Z A[m]Clk — m] = AC[k] + Tpcp+1[K]

m=0

[0179] where constant matrix A=A[0]=[T,[0] . . . T,,,[0]
]- Owing to how the Cauchy product expresses the series
coeflicients of A(t)C(t), the contribution of the current series
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coefficient C[k] is hence the homogeneous linear term
AC[k], which is separated from Tg.,,,[k| bundling the
contributions from prior coefficients C[0], . . . C[k-1]. Each
C[k] is therefore the solution to the linear system AC=B
supplied the “right-hand side” B=-Ty,,[k].

[0180] Algorithm 1: Specify joint screws T,(t=0)=T,[0]=T,
at the initial posture. For each index k starting at zero, 1)
compute Tz, ,[k] by Eq. (Ad), 2) supply that value to the
linear system of equations with constant homogenous coef-
ficient matrix A in Eq. (AS) to solve for the joint-rate
coeflicient vector C[k], 3) substitute the scalar elements
C,[k] of vector C[k] back into Eq. (A4) to determine
instantaneous link screws T,[k] and 4) supply those screws
to Eq. (A6) calculating the joint-screw coefficients T,[k+1]
needed for the next value of index k.

[0181] The preceding constitutes an algorithmic differen-
tiation, where a process determining high-order derivatives
of'an analytic fimction by recursive application of formulas
giving such a power series expansion is one of the estab-
lished techniques™>. Unlike the fitting of interpolating poly-
nomials that gives approximate derivative values and
requires function evaluations at multiple points, algorithmic
differentiation calculates numeric values of exact derivatives
at a single point, to within precision of a computer floating-
point representation. The single summations of order k terms
for each successive series index k are advantageous over
alternative formulas for calculating derivatives, whether the
Faa di Bruno formula>* or recursive derivation of symbolic
relationships®>%, both of which grow geometrically.
[0182] How the cycle-of-dependence of the time-depen-
dent equations is broken in the series expansion, and that the
influence of each successive coefficient is a separable con-
stant-matrix linear term, is foundational to how this algo-
rithm is next extended to a kinematic loop having multiple
degrees-of-freedom requiring additional constraints.

Additional Degrees-of-Freedom

[0183] The guided displacement method supplies addi-
tional independent variables to Eq. (AS) as arising in a
path-following procedure applied to a robot with redundant
degrees of freedom by

Clk]=C\y[k]+Cg[k] (A7)

[0184] where C, is constant and y[k] is the guiding coef-
ficient, a scalar for single guiding, a column vector for
multiple guiding, where Greek letter y (gamma) denotes
“guiding” and f (beta) “baseline.” This separates the guiding
term C,y[k] at index k from the contribution of all other
terms in Cg[k],

[0185] The nxv matrix C,=[C,,,] for joints 1<i=n . The
guiding coefficients for 1=r=v form column vector y[k]|=[y,
[k] . .. y,k]]*. Hence product C,y[k] remains a column
vector under single guiding where v=1 or multiple guiding
with v>1. Upon substituting C[k| from Eq. (A7), Eq. (A5) is
satisfied for all y[k] when

AC 0, ACGII+ 560, [K]1=0 (A8)

[0186] Whereas this separation of terms is not unique, Eq.
(A8) placing the Tz, ,[k] term in the second of the two
formulas simplifies deferring the calculation of y[k] until
applying additional constraints. The one or more columns of
C,, constituting homogeneous solutions to a linear system
with the same matrix A as Eq. (A5), are calculated once at
the start of a series expansion. Subsequently at each index k,
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scalar or vector y[k] weights these homogenous solutions to
meet one or more of such constraints. The resulting value of
C[k] then updates the value of Tz, ,[k+1] to allow solving
Eq. (A8) for Cp[k+1] at the next index k<k+1.

[0187] Deferring the calculation of y[k] is also facilitated
by substituting Eq. (A7) into Eq. (A4) to give the depen-
dence of the link instantaneous screw on y[k| as

Tcilk] = Tyeyy k] + Tpci[k], where (A9
i-1 i

Ty = Z T;Cyj, Tpeilk] =

!
Cp,lk]T; + T[]
=1 J=1

[0188]  Substituting this expression of the instantaneous
screw into Eq. (A6) does the same for the joint screw

1
Tilk+1]= ﬁTy‘-y[k] +Tglk + 1], where (ALO)
+

Tyir = Tycip XTifor 1sr=v,

1 .
Tulk+11= < Talkl s Tk]

[0189] and where T, [m]=T[m], m<k and T [k|=Tpq
[k]. As with C,,, T, [T, - - - Tyl and T[T, - . .
T,,,,] are right-multiplied by scalar or column-vector y[k] for
one or more guiding coefficients. For Lie product x, T,
7=, ¢, X1, 1s expressed over the range of guiding-coeflicient
index r. As with C,, the one or more constant columns of T,
and T, to be multiplied by the one or more guiding coefi-
cients are calculated once at the start of a series expansion.
[0190] Constraining the Added Degrees of Freedom
[0191] One source of an added constraint to a redundant
robot considers a joint-rate vector C,{(t) comprised of ele-
ments Cp,(1)=00,(t)/dx. These elements represent a virtual
displacement 86,(i) of joint angle 6, at timet with respect to
variation 0x in parameter x. The trajectories of the joint
screws T,(t) making up the columns of A(t), however, are
determined as before from the joint rates C(t) on the actual
displacement path. The virtual displacement satisfies A(t)
C(t)=0 at all times t along that path,

[0192] The goal is to calculate the series of coefficients
vIk] to guide displacement along the actual path to satisty a
condition on passive joint rate C,(t) representing a virtual
displacement. Whereas the selected active and passive joints
in Cp{t) represent a single virtual displacement, C,.,(t) will
represent one of multiple virtual displacement selected by
index r. In each such virtual displacement, initial series
coefficient C,]0]=C,(0) is determined by solving AC,{0]=0
from one or more active joint rates among the elements of
C, driving the virtual displacement. Initial C,{0] is in this
way determined by the initial joint angles of the robot along
its actual displacement path. Successive coefficients C,Jk+
1] for k=0 will be seen to be linear in the elements of the
guiding vector y[k] with a constant offset. This occurs upon
expanding A(t)C,(t)=0 and separating terms according to

n (AlD
AC T+ 11+ Cyilk + 11+ Tk + 11=0
i=1
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[0193] where C,[m]=C,,[m] apart from C,[k+1]=0.
According to Eq. (A10), scalar y[k] influences joint screw
coefficients T,[k+1], which in turn determines C, {k+1] by
Eq. (A11). Substituting

1 AlD)
Cylk+1]= = Cp Ikl + Cpy [k +1] (Al

[0194] together with Eq. (A10) into Eq. (All) and then
grouping by dependence on y[k| gives formulas for the terms

0 (A13)
ACy + 3 Cyl0ITy; =0,
i=1

ACw Tk +11+ Y Cyslle+ 1+ Tilk + 11 =0
i=1

[0195] Constant C,, is an nxv matrix with the same
structure as C, that is also solved once at the start of a series
expansion whereas Cg,[k+1] is solved at each index k=0.
The manner in which y[k] controls the next series coeflicient
C[k+1] by way of Eq. (A12) is key. Specifying one or more
passive-joint entries of C,[k+1] will formulate a linear
system of equations to be solved for y[k]. That linear system
will be constructed from elements taken from constant
matrix C, ;- and each successive Cpgyys, 1], that were in turn
solved from the linear systems in Eq. (A13). Once guiding
vector coeflicient is known v[k], this completes the deferred
solution to Eq. (A7) from which all the remaining kinematic
series coeflicients may be updates.

[0196] Algorithm 2: Given the initial joint screws T,
comprising matrix A, solve for constants C,, T, ;, T, along
with the one or more values for C,{0] and C,, for one or
more virtual displacements supplying constraints on one or
more guiding coefficients. For each index starting at k=0,
perform the following steps. Evaluate Eqs. (A8)-(A10) for
Cplk] and T [k+1] followed by Eq. (A13) for one or more
coeflicients Cg,[k+1]. Solve Eq. (Al12) for vector y[k]
meeting a condition applied on the one or more virtual
displacement coefficients C,Jk+1] Use this value of y[k] in
Egs. (A7), (A9) and (A10) to update C[k], T[k] and
T,[k+1] on the actual displacement path.

Optimizing Tool Deviation at One Point Along a
Through-the-Singularity Avoidance Path

[0197] In a guiding a single virtual displacement, Eq.
(A12) becomes

Cop K] +H&+1)(Cgpr[K+1]-Cpry[k+1])=0

where subscript 7 denotes the joint-7 element of column
vectors C,p, Cppk+1] and Cp,[k+1]. Having initial coeffi-
cient C,-(0)=C,-[0]#0, C,~(t) may be placed on a linear
path restoring it to zero at t=1 by solving scalar y[0] to make
C,-[1]==C;-[0], with y[k] making C,-[k+1]=0 for k=1. By
correcting in this way for any C,-(t)p0 at the start of each
successive step that may result from predictor error in the
preceding step, the side condition C,-(t)=0 is “achieved and
maintained” along an actual displacement path.

[0198] This single virtual-displacement procedure is
applied in the Preferred Embodiment 1) over the course of
the singularity locating maneuver to maintain the minimum
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tool deviation 6,, 2) when solving for the point giving the
least-maximum deviation on the adjusted path of a spherical
wrist, and 3) in order to pass through the least-maximum
point upon executing the singularity avoidance maneuver
[0199] With an offset wrist, finding the least-maximum
point on the adjusted path requires guiding joints 4, 5 and 6
with joints 1, 2, 3, 7, 8 and 9 passive to meet rate C,(t)=0
for each of the constant active-joint rates C,,=1, C,s=1 and
Cye,=1. Applying Bq. (A12) to these three virtual displace-
ments having rate vectors Cy., for 1=r=3 gives the linear
system of equations

[Cywzir Cwrzn Cyvrsa 7l [B1] (Al4
| Ii 1 | |

1Cwr12 Cwrz Cwrse H valk] |+ (k + 1)I B, I =0

L Cyris Cywr2s Cyiss Jb’s «1] [Bs ]

B, =Cpy7,.lk+1]=Cy7,.lk+1], 1=r=<3

[0200] For example, constant coefficient C, - 5 , at the end
of'the first row in Eq. (A15) is taken from row 7 and column
3 of matrix C,,,, which is in Eq. (A12) for the first of three
virtual displacements. The three virtual-displacement rates
Cy,(0) for 1sr<3 are declined to zero on the interval Ost<1
by coefficients appearing in Eq. (A14) set to C,,[1]==C,-,
[0] followed by C, [k+1]=0 .

Optimizing Tool Deviation at Two Points Along an
Around-the-Singularity Avoidance Path

[0201] Points on the actual path before and after the
singularity are to be connected by an avoidance path that
maintains joint rates C, and C, in a constant ratio. Along
such a path not passing through the wrist singularity and
maintaining the specified trace of the tool contact point with
the work piece, tool deviation angle 0, will increase from
zero to a maximum, decrease from that maximum to cross
zero, reach a maximum excursion of opposite sign and then
decrease in magnitude until it reaches zero once more,
reaching the actual path on the other side of singularity
encounter. The objective is to achieve the least magnitude of
the maximum of these two excursions occurring on this path.
[0202] The procedure from Appendix C locates either an
extremum where the slope of tool deviation 0., crosses zero,
or a zero crossing of 0, itself. Applying searches for zero
slope and zero value in alternating sequence locates the pair
of points along a singularity-avoidance path Where both are
locally of maximum tool deviation. EaCh of these points is
then displaced by a different path-following procedure hav-
ing the objective of shifting the intersections of the line
through those points along the actual path before and after
singularity. These displacements are coordinated to keep
constant A8,/A0, slope, same as rate-ratio limit C,/C,, when
shifting that line. Each such displacement step has a sec-
ondary objective to achieve or maintain the local least-
maximum of tool deviation at the displaced point. This is
accomplished over the course of a step by adjusting this
point along the line of slope C,,C, to where 0. is maximized
along with adjusting 64 to simultaneouslyminimize meeting
the least-maximum condition at the end of that step. Satis-
fying the above conditions, the coordinated displacements
shift the line to increase one of the least-maximum deviation
values and decrease the other until the two deviations
equalize in magnitude, achieving the global least-maximum
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tool deviation that occurs at two places along an around-
the-singularity avoidance path.

[0203] The optimization procedure is conducted by the
methods using one guiding coefficient to direct the coordi-
nated actual displacement applied equally to each point in
shifting the line of constant C,/C,. Two more guiding
coeflicients are applied independently at each point to direct
a pair of virtual displacement to zero to meeting the least-
maximum stationarity condition at the end of a displacement
step. Joints 1, 2, 3, 5, 7, and 8 are made passive to both the
actual and virtual displacements, The active joints guided by
coeflicient y, in Eq. (A7) are C,, ,=1 and C,,; ,=C¢/C,, (the
reciprocal of slope C,/C,), and those for y5 are C,; <~1. The
active joints for y, are C, =1 and Cyg,la/——ywc for
ColCy<0, C,5,,=—/Cs/C, Co/C,>0. This selection applies
the coordinated displacement to the two points in a direction
that is observed on average, to reduce the amount vy, needs
to slide the points along the line.

[0204] In the two virtual displacements, the first is seeded
with active-joint coefficients C,, ;[0]=1 and Cpy ;[1]=Co/
C,. The second is seeded with C,, ,[0]=1; substituting joint
6p for 6, having unit joint axis direction w,=w,xw; in place
of mg, maintains numeric precision at small tool deflections
6.7 where the virtual wrist becomes singular.

[0205] When joint 7 is the passive joint controlled in each
of two virtual displacements, applying Eq. (A12) to the two
virtual displacements represented by C ., for 1=r=2 gives the
linear system

(A15)

[Cwrrr Cyrar Cwrsa

s
il

!
i Hip#
1 Cyr12 Cyvron Cyv7,3,2J|!y
L

w
=

B, =(k+ D(Cpy7,.lk+1]=Cy7, k+1]), r=1,2

[0206] For example, constant coefficient C, ;- 5 , at the end
of'the first row in Eq. (A15) is taken from row 7 and column
3 of matrix C, ., which is C,;-in Eq. (A12) for the first of
two virtual displacements. Were the adjustment equalizin at
the two points paused by setting v,[k]|=0, the stationarity
conditions at each point are to be met by solving for
Y2kI=Voolk] and v [K]=yos[k] when C, [1]=-C,- [0] fol-
lowed by C,, [k+1]=0 for k>0. This solution declines
Cp (1) to zero over the interval O=t=1. Upon conducting the
adjustment with y,[k]=0, solving

(Al§)

[Cwrir Cyrar Cwrsa

T

I
I |7
L Cwr12 Cyyvroz CW7'3'2J'L)/

obtains corrections y, [k]y,,and v, [k]y, ; preserving the least-
maximum condition achieved by Eq. (A15).

[0207] Equation (A16) is therefore solved once for the
coeflicients v, , and v, ; for the influence of'y,[k] on y,[k] and
vslk], and Eq. (A15) is solved at each index k for baseline
values y,,[k] and yo;[k], giving

Yolk1 =Yoo [K1+Y1[K1Y 12, YalK1=Vos k] +Y [A]Y,3 (A17)

[0208] With vector y[k] having in this way a single degree-
of-freedom controlled by vy, [k], vectors y[k] are supplied to
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Eq. (A7) to control rates C,(t) in each of two of coordinated
displacements equalizing 10-1. Its power series coefficient is
thereby expressed as

CHk1=Coper 1 [K1+ Cpoper K],
Coroper=Co7, 1Y 12C721Y13Cy 7,3,
Coope1lK]=C7 Y02 K1+Cy7 3Y03[K]+C[K] (A18)

[0209] Supplying the same guiding coeflicient y,[k] to
points on the adjusting path before and after the zero
crossing of 0,

075 foret Crneforel 017 (07040t Cragier[01);

CrpeforelFH1]7=Crppe, it 1], k20 (A19)

linearly declines the before-and-after tool deviation mis-
match to zero over the interval O<t=1. Substituting Eq. (A18)
for the “before” and “after” points into Eq. (A19) gives a
single linear equation solvable for y,[k], which in turn
determines the remaining guiding coefficients by Eq. (A17).
Such allows updating the necessary kinematic variables to
complete the steps of Algorithm 2

Optimization Constraints Required for an Offset Wrist

[0210] For a step of length t,=1, the displacement A0 =y,
(1), ABy=y,(1)C4/C,, evaluated from the series expansion of
y,(t) at t=1, series convergence benefits from limiting the
step to a fraction of the distance to one of the two turning-
point (path reversal) singularities that can occur with an
offset wrist. The distance between the turning point at
(Bosing> 0451,) and any point (B, 6,,) on the line is expressed
in terms of y, (t) by solving for unknowns v, ... and y,,,,,,, in
the linear system

O45ing=02=Cia, 1Yt Cya 2N 2manes
005ing=00=Cy0,1YrmartCy0 2 2ma (A20)

for v, ,.. Similarly, distances are calculated to the points
(O, 04, ON each actual-path segment, where 0,,,, is a
minimum distance (such as 0.5°) from its corresponding
turning point at 0

[0211] When the initial series coefficient y,[0] exceeds
either the convergence limits or 0.7 of the distance when
approaching (0g,,,;;s 04502, V1[0] is set to that limit and
v,lk+1] is set to zero for k>0. Such a step does not reach
equalized 0, at the two local least-maximum points on the
line, but it has neither taken too large a step nor violated the
(B0 043 limit on either side. If a step is conducted
within those limits allowing calculation of'y,[k+1], that step
has equalized the local least-maxima and has found an
optimal line intersecting the actual path before and after
singularity encounter. Those intersection points can then be
adjusted outward from the singularity to meet the accelera-
tion limit®”.

[0212] If one of the two (0, O4,.) limits remains
active, a second optimization keeps the intersection at that
(O 045, and equalizes the two local least maxima by
reducing slope A0,/A8,. Each pair of points (65, 0,) keeps
that intersection point by maintaining

09(1)=00 1= (0a() =0 403V (1) (A21)

Osing*
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where v(t) is the reciprocal slope of the line varying over the
displacement step starting with v(0)=v[0]=C,/C,. Taking te
derivative of both sides gives

Co(=CoyOVO+(Oa(1) =1V 1 (1), Y1 ()=V(2) (A22)

having the power-series expansion

Co[0] = C4[OV[0] + (04101 = Osiie)y1 [01, (A23)
Colk+1] =
(k+1 k1 3\
!kz Calmblk+1=m)+ " Galmyik +1 —m]J! ~Oupieyi [k + 1]
m=0 m=0
[0213] Term-by-term integration of the series for v(t)=y,

(1) and 6,(H)=C,(1) gives

1 1
vik+1]= i [K], Oalk +1] = mc4[k]; k=0

[0214] These relations allow replacing the second line of
Eq. (A23) by
Colk + 11 = Cylk + 1]v[0] + (G4[0] = 8y, oy [k + 1] + Cppolk + 11, (A24)

k
Cpolk+11= 3 Clonly [k = m] — )

- i
=~ k+1l-m m+1

[0215] In this second optimization, Cs[0]=C,[0]v[0]=C,
[0]C,/C, and Co[k+1]=C,[k+1]Cy/C, leave the active joints
guided by coeflicient y, in Eq. (A7) unchanged at C,, ,=1
and C,,=Co/C,. Similarly, the single active joint rate
guided by y, becomes C,,,=0,[0]-0.,,, where the same
0,,,;, and different initial values of 0,[0] at the two points on
the line are supplied to the two coordinated displacements.
In Eq. (A7), C4[0] is unchanged whereas Cg,o[k+1] from
Eq. (A24) is added to Cg[k+1] for k=0.

[0216] Similarly, the virtual displacement A(t)C,{(t)=0 for
the passive variation 88, with respect to 66, and 56,=06,,v,
v=C,/C, feeds to account for non-constant v=v(t). For this
the first of two virtual displacements, the time-varying
active-joint rate C,4(t)=v(t) applies to column Ty(t) contrib-
uting

K+l (A25)
> TolmCyolk +1—m] =

m=0

k
Tolk +1]Cyo[0] = To[0]Cyo[k + 1] + Z To[m]Cyolk +1 —m],

m=1

1
Cyolk +1] =v[k+1] = m%[k]

Term To[k+1]C,4[0] is already incorporated into the solu-
tion for C, -in Eq. (A13) whereas Ty[0]C y[k+1] needs to be
added to
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Zn:CV;[k+1]*T;[k+1]

i=1

in that equation when solving for Cg,{k+1].

Appendix B—Proximity to Singularity and Maximum
Joint-Rate Patio

[0217] The singularity exclusion cone depends on the
maximum joint-rate ratio between either of joints 4 or 6 in
the wrist and joint 9 for the tool motion. When called to pass
inside that cone, deviating from the desired path by passing
directly through the singularity can limit the joint rates.
[0218] When rotation centers WCP, TCP, and RCP (see
FIG. 7) become coincident, the robot reduces to a spherical
four-bar linkage having the unit joint axis directions w,, ws,
and wg for the wrist along with w, for the tool. At closest
approach to the singularity in FIG. 11, o, w,, and o4 are in
the same plane whereas w5 is normal to that plane. Loop
closure requires

C 0,4+ C 505+ Cs0s+Cog=0

[0219] For wrist deflection 05 giving the angle from the
singular position, ¢ the angle of w, from w4, w,=(0, cosbs,
sinfs), ws=(1, 0, 0) ws=(0, 1, 0), ws=(0, cos¢, sind) gives
solution C=sin¢/sinf5, Cs=0, C;=—(cos05 sing+sinb5 cos)/
sin0,=—sin(05+4¢)/sind5 when Cy,=1. Hence the rate ratio
IC,/Cqyl>1/51n05 axis direction w, pointed 90 deg in relation
to w, and inside the exclusion cone of angle 65: A ratio of
6 gives an exclusion cone below 10 deg.

Appendix C—Path-Following Procedure for Locating
Kinematic Zeroes.

[0220] Operations conducted when planning the adjusted
robot path encountering the singularity with a limit applied
to a joint rate and acceleration require a procedure articu-
lating the robot to bring a joint angle, its rate or a rate
derivative (angular acceleration) to zero.

[0221] Such a procedure based on a reversion of series
expands the inverse function x=g(y) from the coefficients of
y=f(x), exchanging the roles of independent and dependent
variable. Inverse function g is singular, however, at the pair
of values x, y where the forward function has an inflection
point. The Newton-Raphson method finding zero of f(x)
from its value and its derivative at a starting point x, may be
regarded as a low-order reversion®®; its iterations can
diverge wildly near inflection f(x,)=0°.

[0222] With a kinematic loop that admits a high-order
power series, a high-order guided displacement procedure of
the type describe in Appendix A potentially allows solving
for a zero of a speed ratio over a large angle displacement
of the guiding joint in one update step. Unfortunately,
inflections of f(x) giving the speed ratio as a function of a
joint angle make g(y) singular. Even if that singularity is
some distance from the zero in question, a high-order series
converges slowly or even diverges if the step size is large in
relation to the distance to the inflection singularity. Such
remains the case even when taking a step in the opposite
direction. Along with the complication of extending Appen-
dix A to the rate derivative, f(x) having an inflection on the
scale of the distance to its zero motivates the following
alternative.
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[0223] Consider expanding f(x) to high order, treating the
truncated series as coeflicients of polynomial f,(x), and
solving for its first real root. This process is heuristic
inasmuch as this polynominal is not f(x). A high-order series
truncation, however, gives small kinematic closure error
when its steps are restricted in relation to distance to a
known singularity. Taking a final step that is a fraction p of
that limit makes the error of an order p expansion even
smaller by O(p#*"). The problem then is one of finding the
first real root x>0, if any, of a polynomial. Newton-Raphson
iterations are of low calculation cost when applied to a
polynomial relative to function evaluations of the kinematic
problem. Those iterations are prevented from overshooting
the root by applying them to a bounding polynomial. The
procedure used for course adjustments®” is improved by
considering all cases of the quadratic portion of this poly-
nomial to insure it contains one real root. The following also
allows dispensing with reversion of series for the final, fine
adjustment at minor increase in calculation cost.

[0224] The appr0x1mat1ng polynomial 1,(x)=1,[0]+1,[1]
x+f [2]x + ... +{,[p]x” is normalized so that f [0] =1,(0)=0
Wlthout changlng its roots. If 1,(0)=0, the ﬁrst root already
located. The lower-hound polyn0m1a1 I;(x) retains the qua-
dratic coeflicients f,[0], f,[1], {,[2] and sets all positive
coeflicients T,[i] for 2<izp to zero. This guarantees that
f L (0)=1,(x) for positive x and that its first real root is a lower
hound on the roots of f,(x). Function leaves out the quadratic
terms of T [, (X), insuring f, »(X)=0 for x=0 making it either
constant or monotone down

[0225] Considering the relationships between its order 2
quadratic part and the complete bounding polynomial in
FIG. 22, case a) has a quadratic of initial negative slope and
curvature whereas case ¢) has negative slope, positive cur-
vature and its first real root on the positive real line. Both
quadratics are monotone down, to which is added a non-
positive monotone function flp(x), establishing Tp(x) to be
monotone down in the interval up to the root of the qua-
dratic. The bounding polynomial fp(x) therefore has one real
root between zero and this location.

[0226] In case b), both the quadratic and the bounding
polynomial fp(x) are initially of upward slope and downward
curvature. Both functions will continue to increase until they
reach their respective slope inflection points. Hence fp(x) has
no real root until after its inflection Between its inflection
point and the positive-real root of the downwardly curved
quadratic, fp(x) has one real root.

[0227] In case e) where both functions are initially of
positive slope and upward curvature, the bounding polyno-
mial };(x) will continue to increase until it passes first its
curvature inflection followed by its slope inflection. After
that, Tp(x) is monotone down if T, ,»(X) has at least one
non-zero coefficient. It follows that 1,(x) has only one real
root on the positive real line. As the quadratic has no real
root on that interval, fp(x) would need to be sampled at
increasing intervals to determine where it changes sign,
marking the upper limit on a single real root. This condition
is taken to be the absence of a root, and the search stops.
[0228] In case d), the quadratic is downward sloping but
upward curving with no real roots. The bounding polyno-
mial T [,(x) cannot be guaranteed to be monotone down, and
FIG. 22 shows an example T [,(x) that has an inflection
between negative and positive slope before it will eventually
have another inflection making it monotone down. There is
no simple means to judge the bound function to have a single
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real root on an interval. On this one case, and in exchange
for reducing the order of the error term, the quadratic is
maintained up to its minimum in FIG. 22, after which it is
replaced by a constant of that minimum value. A non-zero
f, »(X) makes the resulting piecewise function of the “2-1
bound” monotone down. It also gives the bound function
negative slope at the location of the parabolic minimum. A
single outward Newton-Raphson iteration using that slope
finds the upper limit of an interval containing one real root.
A zero ﬁ,p(x) results in a bound function that does not trend
downward, and this condition is also taken to be the absence
of a root, and the search stops.

[0229] In a series reversion, the length of a step is known
before conducting the expansion, allowing the expansion to
correct the error from the previous step. Such a corrector is
not as easily combined with the predictor step here in the
non-reversion method. Function f(x) needs to be expanded
at the start of the step to obtain its bounding polynomial Tp(x)
giving a step limit not overrunning the zero. Reducing the
step length to meet this limit under-applies any correction
combined into the expansion of f(x). The non-reversion
method is therefore conducted with a separate, 2nd order
corrector, the calculation time penalty=being under 20%*®
The following estimates the first zero of 6_1%} where d is the
order of the derivative of the angle of a passive joint.

Algorithm 3:

method findZeroAngleDerivative(int d ,
return boolean success)

{
Apply corrector;
Conduct series expansion for predictor;
Evaluate 6,9} from series coefficients;
0,09 < 0,19 ; t;, < tZeroBound (6,19 [0...p - d]);
while (to > 10712 && 0,190 9,19} > 1 9,19 | 10710 {
t, < maxStep( );
// Limits steps approaching zero to .14t,
if (to =.14t, )
{to = (1 = 0Nt 5 if (to > t) to <t}
Update kinematic variables at tg
from series expansion;
Apply corrector;
Conduct series expansion for predictor;
Evaluate 6,19} from series coefficients;
ty = tZeroBound(@,!% [0... p - d]);
¥
success = to > 0 110,19 0,41 < 1001 1071
¥
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[0289] Certain terminology is used herein for purposes of
reference only, and thus is not intended to be limiting. For
example, terms such as “upper”, “lower”, “above”, and
“below” refer to directions in the drawings to which refer-
ence is made. Terms such as “front”, “back”, “rear”,
[0290] “bottom™ and “side”, describe the orientation of
portions of the component within a consistent but arbitrary
frame of reference which is made clear by reference to the
text and the associated drawings describing the component
under discussion. Such terminology may include the words
specifically mentioned above, derivatives thereof, and words
of similar import. Similarly, the terms “first”, “second” and
other such numerical terms referring to structures do not
imply a sequence or order unless clearly indicated by the
context.
[0291] When introducing elements or features of the pres-
ent disclosure and the exemplary embodiments, the articles
“a”, “an”, “the” and “said” are intended to mean that there
are one or more of such elements or features. The terms
“comprising”, “including” and “having” are intended to be
inclusive and mean that there may be additional elements or
features other than those specifically noted. It is further to be
understood that the method steps, processes, and. operations
described herein are not to be construed as necessarily
requiring their performance in the particular order discussed
or illustrated, unless specifically identified as an order of
performance. It is also to be understood that additional or
alternative steps may be employed.
[0292] References to “a microprocessor” and “a proces-
sor” or “the microprocessor” and “the processor,” can be
understood to include one or more microprocessors that can
communicate in a stand-alone and/or a distributed environ-
ment(s), and can thus be configured to communicate via
wired or wireless communications with other processors,
where such one or more processor can be configured to
operate on one or more processor-controlled devices that can
be similar or different devices. Furthermore, references to
memory, unless otherwise specified, can include one or more
processor-readable and accessible memory elements and/or
components that can be internal to the processor-controlled
device, external to the processor-controlled device, and can
be accessed via a wired or wireless network.
[0293] It is specifically intended that the present invention
not be limited to the embodiments and illustrations con-
tained herein and the claims should be understood to include
modified forms of those embodiments including portions of
the embodiments and combinations of elements of different
embodiments as come within the scope of the following
claims. All of the publications described herein, including
patents and non-patent publications, are hereby incorporated
herein by reference in their entireties
[0294] To aid the Patent Office and any readers of any
patent issued on this application in interpreting the claims
appended hereto, applicants wish to note that they do not
intend any of the appended claims or claim elements to
invoke 35 U.S.C. 112(f) unless the words “means for” or
“step for” are explicitly used in the particular claim,

What we claim is:

1. A robot control system for a multi-axis robot having
multiple links including an end link defining a tool position,
the links movable with respect to each other at joints
defining axes and having sensors and actuators for move-



US 2021/0001483 Al

ment, of the joints about the axes by the actuators according
to the sensors subject to joint movement rate limits, the
joints and links configured so as to present at least one
singularity, the controller comprising:

an electronic circuit communicating with the actuators
and sensors at each joint and executing a stored pro-
gram to:

(a) receive path instructions defining a path of desired
changes in tool orientation along with desired posi-
tional velocity occurring along this path;

(b) identifying at least one unmodified path portion proxi-
mate to the singularity exceeding at least one joint
movement rate limit at the desired positional velocity;

(c) identifying a modified path portion providing the
desired velocity and the desired tool position without
exceeding the at least one joint movement rate limit of
(b) according to a minimization of a maximum devia-
tion of a tool orientation of the modified path portion
from a tool orientation of the unmodified path portion.

2. The robot control system of claim 1 wherein the
modified path does not intersect the singularity.

3. The robot control system of claim 1 wherein the
modified path intersects singularity.

4. The robot control system of claim 1 further including
the step of receiving path instructions describing at least one
region where path rerouting is prohibited and wherein step
(c) identifies the modified path portion to minimize the
deviation among alternative unmodified paths not including
the at least one region.

5. The robot control system of claim 1 wherein step (c)
further identifies a modified path portion according to a
minimization of a length of the modified path portion.

6. The robot control system of claim 1 wherein step (c)
further identifies a modified path portion that limits at least
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one of joint maximum acceleration and joint maximum
velocity among joints of the multi-axis robot to at least one
predetermined value.

7. The robot control system of claim 6 wherein step (c)
further identifies a modified path portion according to a
predetermined lower limit of a length of the modified path
portion.

8. The robot control system of claim 1 wherein step (c)
models the robot as a closed kinematic system consisting of
a base comprising a first link in that system supporting a first
point supporting a first joint of the robot, through the joints
of the robot then through a three axis virtual wrist sharing
one axis with a final axis of the robot and then through a
virtual joint connecting to a link on the path that is rigidly
connected to the first link.

9. The robot control system of claim 8 wherein virtual
three axis wrist is constrained so that a first and third joint
of the three axis wrist are constrained to move by equal and
opposite angles.

10. The robot control system of claim 9 wherein virtual
three axis wrist is constrained so that a second joint is
perpendicular to a second joint in the robot wrist comprising
the final three joints of the robot.

11. The robot control system of claim 8 wherein the three
axis virtual wrist provides a spherical configuration.

12. The robot control system of claim 1 wherein the three
axis robot wrist provides a spherical roll-pitch-roll configu-
ration and the singularity occurs when the two roll axes are
collinear.

13. The robot control system of claim 1 wherein the robot
provides an offset wrist.

14. The robot control system of claim 1 further including
a robot providing a total of six joints.
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